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The problem or issue that I'll be tackling in this talk is not new, but
perhaps has not been stressed enough. It's about the (possible)
ambiguity that may arise when insisting in trying to define the EOS
associated with the “(geometric) dark energy” that results when one puts
forward alternative theories of gravity, namely, f(R) theories or STT to
explain the accelerated expansion of the Universe as opposed to the
cosmological constant.
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Introduction

INTRODUCTION

— ADM paradigm within GR: the simplest and perhaps most successful
cosmological model.

— Alternative Theories of Gravity: try to “replace” Dark components.
This is one among several possibilities (e.g. inhomogeneous models
within GR). More complicated, but it's a worth exploring possibility (I
skip the heuristic and philosophyical arguments on the “problems” of A.
Perhaps you will hear more on this during this meeting.)

— f(R) metric theories of gravity: a possible explanation for the

of the Universe as opposed to the Cosmological
Constant. (As far as we know, DM must be considered, otherwise it
seems impossible to recover the rest of cosmological observations.).
These alternative theories of gravity (like others) allows for an “EOS of
(geometric) dark energy” that varies in cosmic time, unlike A. Finally, |

won't have time to discuss other gravitational tests that should pass. If some of you

are interested, we can talk about these during the meeting.
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f(R) metric gravity

f(R) METRIC GRAVITY

f(R)

S[gaba '(/)] :/W\/jg d4X + Smatt [gaba 'l/"] ) (1)

where R =Ricci scalar, f(R) an a priori arbitrary function of R,

k := 8mwGo, and 1 represents the matter fields — ordinary and DM — (here
c=1).

Varying the action Eq. (1) with respect to the metric yields

1
fRRab - Efgab - (vavb - gabD) fR - HTab ) (2)

where fr 1= Orf, O = g**V,V,, and T, is the EMT of matter.
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f(R) metric gravity

When expanding the derivative V acting on fgz and taking the trace we obtain:
1
OR= —— [I{T — 3fprr(VR)? + 2f — RfR} , 3)
where (VR)? := g?®(V,R)(VpR), and T := T2, Using this equation in the field

equation to replace (IR we find
1
fr
We shall be dealing with equations (3) and (4).

8ab
6

Gap = [fRRvava + frrr(VaR)(VHR) — (RfR +f4 2KT) + Krab] @)
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f(R) metric gravity

f(R) theories can mimic A:

Notice that in vacuum, R = R; = const. is a solution of

1
OR = [ET— — 3frrr(VR)? + 2f — RfR] , (5)
3far

provided R is a root of V/(R) = 2f — Rfg (i.e. 2f(R1) = Rifr(R1)), assuming
frRr(R1) # 0. That is, Ry is a critical point (e.g. maximum or minimum) of the
“potential” V/(R). In such an instance, the field equation

Gu= 1 [fRRvava + frrr(VaR)(V5R) — 822 (RfR +f+2:T0) +£T0] . (6)

reduces to -

Gap = —gale (in vacuum) . (7)
Therefore f(R) theory behaves like GR with an effective cosmological constant
Nefr = Ry /4 |

The fact that the theory can admit this solution for R allows one to find non-trivial
solutions that asymptotically (past,future, or spatial infinity) match a De Sitter
solution, which in turn can explain several cosmological observations.
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The EOS of geometric dark energy
Specific f(R) models

Numerical Results
Cosmology

COSMOLOGY

2
2 2 2 2 2 2 2
ds” = —dt” + a"(t) [71_,«2 +r (dé + sin“ Odp ):| , (8)
where k = £1,0. Later we focus only on k = 0.
k 1 . 1 Kp
H>+ = + = |farHR — = (frRR — )| = — , 9
+22+fR|:RR 6(R ):| 3fr ()
. 1 f
H:7H2+—(fRRHR+77@) : (10)
fR 3

where H = 3/a is the Hubble expansion. From Eq. (3) we find

1
R=—3HR-— — [3fRRR(R) +2f — frR —k(p — 3p)] . (11)
3frR ———
V/(R)

If during the cosmic evolution R reaches an extrema of the potential V(R) (with vanishing R), say,
at present time where the matter contributions p, p are "small” compared to pcriy then R ~ R;
with V/(Ry) = 0, and so H+ H? = a/a~ Ri/12 = Negs /3 > 0 if Aege > 0. Thus 3 > 0 —
Accelerated expansion !!. This what happens precisely when solving the full equations numerically
taking into account all the matter terms.
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THE EOS OF GEOMETRIC DARK ENERGY

For cosmological applications it is sometimes useful to write the f(R) field
equations as “Einstein” field equations with a total-effective EMT: G.p = k T12"

O 1 a.
AT = — [fRRvava + frrr(VaR)(VsR) — gﬁ" (RfR L+ 2HT) + HTQ,,} .
R

Because the EMT of matter T, itself is mixed in a non-trivial way with f(R)
factors, thus there is non canonical way of defining the EMT of “geometric

dark energy”: B
T.5(A B) = AT," — BT (12)
Depending on the values adopted for the scalars A and B (see next slide) the

defintion of the GDE EMT changes from author to author.
Alternatively, one can write T,5(A, B) in terms of purely geometrical quantities:

TH(AB) =k (AG. — B&,p) . (13)
where

1
Gap = fRGap — fRRV VR — frrr(VaR)(VbR) + gab 5 (Rfr — f) + frrROR + fRRR(VR)2:|
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The EOS of geometric dark energy

Specific f(R) models

Cosmology

EMT of GDE energy-density, pressure and EOS of GDE
= : Bf,
px = e %(fRR—f)—3fRRHR+np(1—TR)
TX(A, B) == AT — BTy
5 : Bf;
Px *ﬁ %(fRR+f)+3fRRHR7n(p73pmd7’_")
Ox = Zi‘(
Definition A B EMT
X X
| (Top Px. Px, wx) 1 1 T, conserved
I (TaIL’Xv PQY Pﬁv ‘*’)’é) f;g 1 Ta’L’X conserved
1l (Talg - pﬁy, Pﬁy, ‘*’Ql) fr 1 Talg "X not conserved
v (T;L/ X ¥ el W) 1 fR_l TBIX "X not conserved (conserved only in vacuum)
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The EOS of geometric dark energy
Specific f(R) models
Numerical Results

Cosmology

Now, the X—EMT of the Definitions | and Il are conserved because T\5* is
conserved (due to the Bianchi identities) and one can prove that the EMT T,
of matter alone is also conserved. In particular,

o+ 3H (pk + pk) =0 . (14)
(for i=1,11).
A corollary is that the EMT of Definitions Ill and IV are not conserved:
therefore

g +3H (pk + pk) #0 . (15)

(for i = 11,1V).

This is rather unpleasant (in my opinion). Yet several authors have considered
them. Furthermore, despite that the EMT of Definition Il is conserved, the
associated EOS in cosmology turns to be ill defined because it diverges as | will
show in a moment.
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SPECIFIC f(R) MODELS

Given a specific f(R), we integrate the differential equations forward from past to
future with suitable “initial conditions”. We have considered three specific f(R)
models which have become very popular in the literature

@ Miranda et. al. model (PRL 102, 221101, 2009)

R
f(R)msw = R — BR«In <1 + R7> . (16)
We used B =2 and R, = Hg.
@ Starobinsky model (JETP Lett. 86, 157 2007)
rR2\ Y
f(R)st = R+ ARs 1+R7§ 1] . (17)

We take g=2and A =1, Rs = 4.17H§.
@ Hu & Sawicky model (PRD 76, 064004, 2007)
ca(R/m?)"
o(R/m2)n+1
We take n =4, m? = 0.24H2, c; ~ 1.25 x 1073 and ¢, & 6.56 x 1075.

F(R)ns = R — m?
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o, (1) ——
\ @, (1)
\ @, (II1)
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Conclusions

CONCLUSIONS

@ f(R) theories are alternative theories of gravity that can produce an accelerated
expansion of the universe “without” the introduction of A. Some specific f(R)
models can pass several gravitational tests (e.g. the Solar System tests). They
have some predictions different from GR, but | don't have time to discuss them
here.

@ However, in my opinion they introduce more troubles than solutions. There is no
fundamental principle that allows to single out one function f(R). Simplicity
favors: f(R) = R —2A (i.e. GR+ A).

@ The EOS associated with f(R) as geometric dark energy is not canonical. We
suggest that among the three EOS used in literature ONLY one has the nicest
features: Definition | (A = B = 1): it arises from a conserved EMT and it is well
behaved, unlike the other possibilities. It is important then to agree which EOS
will be compared with observations in view of the forthcoming cosmological
missions (e.g BigBOSS-DESI—, EUCLID, PanSTARR, WFIRST, etc.) that will
determine the EOS of DE with a better precision.
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Conclusions

f(R) Models
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Conclusions

Potentials V(R) = —Rf(R)/3 + [ f(x)dx such that V/(R) = 1 (2f — Rfg). At the extrema of
V(R) (notably at the global minimum) the de Sitter “point” is reached where the models behave
as a GR plus Acgr = R1/4, where V/(Ry) = 0. The specific cosmological models interpolate

between a large R (at early time) and near the nontrivial minimum R # 0 at present time.
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Conclusions
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Conclusions

Luminosity distance and SNla data confrontation (k = 0): df** = @ where
(=cHy! ! L). We have also the modulus distance

3 a*2H(a*
p = m— M = 5log;,(dff** /Mpc) + 25.
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Conclusions

@ Among the alternative theories of gravity proposed to solve this “crisis” we
briefly analyzed f(R) gravity, which has been one of the most popular proposals
in recent years and discussed some of its drawbacks and merits.
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Conclusions

@ Among the alternative theories of gravity proposed to solve this “crisis” we
briefly analyzed f(R) gravity, which has been one of the most popular proposals
in recent years and discussed some of its drawbacks and merits.

@ We also proposed a much more robust approach to treat them and proved its
usefulness in the context of cosmology and compact extended bodies.
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Conclusions

Equation of State (EOS)
In the ACDM model the equation of state wp = pp/pa = —1. We shall define an EOS
for the modified gravity contribution given by (for f(R) # R)
wx = Px (19)
pX
where px is defined from the modified Friedmann equation, so that it reads

H? =% (p+ px>, which leads to

3
1 1 .
PX = —— 7(fRR—f)—3fRRHR+K,p(1—f—R) 5 (20)
){fR 2
In a similar way we define px, so that the dynamic equation for H reads
. K
H+H2:_g{p+px+3(prad+PX)} . (21)
From this latter, we obtain
2 . fk 1
= —— < fRRHR+ = — —p ¢ — = 3p: ,
px HfR{RR t5 3/7} 3(P+px+ Prad)
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f(R) Models
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f(R) Models
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Conclusions

Many more f(R) models have been analyzed. In fact Amendola et al.
(PRL 98,131302,2007; PRD 75,083504) developed some general criteria
to asses if a model is not cosmologically viable. According to these
authors, most of the following models whether are unable to produce a
late time accelerated expansion or they behave as radiation in the time
where matter dominations is supposed to take place (just before the era
of “dark energy” domination). Therefore such models would not allow
structure formation:
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Conclusions

f(R) = R—“T:, (23)

4
Hq 4
= R——=+uR,
R H2
R) = aR™",
R) = R+ aR™", (possibly viable for « < 0,n =~ 1)

f(R) (
(R) (
(R) (
(R) = RPe'R | (27)
(R) (
(R) (
(R) (

- h A

R) = F\’F’(logaR‘)2 , (might succed for p=1,9 > 0,9 # 1)
R) = Rrev/R,
R

-

f = R+aR?,

As one can appreciate, a large variety of models have been analyzed, but people have
come up with new proposals. Like those | showed before. However, such modesl might

have other problems.
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Conclusions

@ In fact it was only recently that several authors have tried to construct
relativistic extended objects in the framework of f(R) gravity.

@ In particular Kobayashi and Maeda (PRD 78, 064019, 2008; PRD 79, 024009,
2009) using the Starobinsky model f(R) = R — AR. {1 — [1+ (R/R.)?] **’}
shown that such objects cannot be constructed because a curvature singularity
developed within the object.

@ Later Babichev and Langlois (PRD 80, 121501(R) 2009; gr-qc/0911.1297,
2010) reanalyzed the issue and concluded that KM results was a consequence of
the use of an incompressible fluid, and that using a more realistic EOS
(polytropes) such singularities were not found.

@ However, Upadhye and Hu (PRD 80, 064002,2009) found that relativistic
extended objects can indeed be constructed, but that the absence of singularities
got nothing to do with the EOS, but rather with a “chameleon mechanism”.
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Conclusions

The common feature of the aforementioned works is that authors used the above
mapping to constuct such objects.

Under such mapping the Ricci scalar has a behavior of the sort R ~ 1/(x — x0)
where x := Orf and xo = const.

The key point is to determine if the dynamics of x leads it or not to the value
X = Xo within the spacetime generated by the relativistic object.

Irrespective of the different results and confusing explanations obtained by those
works we argue that their conclusions are rather questionable due to the fact
that the above scalar-field variables are ill defined. To be more specific, the
scalar-field potential used to study the dynamics of x is not single valued and
possesses pathological features. Since similar kind of singularities were also
found in the cosmological setting (Frolov, PRL 101, 061103, 2008), it is then
worrisome that the ill-defined potential play such a crucial role in those analyses
(several authors have already criticized the use of such potentials).
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Conclusions

We consider the following metric that allows us to describe SSS
ds? = —n(r)dt? + m(r)dr® + r? (d32 + sin? Bdgpz) . (31)

The field Egs. then read
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Conclusions

We consider the following metric that allows us to describe SSS

d&s® = —n(r)de® + m(r)dr® + > (d6 + sin” 0dp?) . (31)
The field Egs. then read
1 m a2
R = 7[m(r;T+2f — Rfg) — 3fRRRR’2] == -Z)r. (32)
3fRR 2m 2n r
(where / := d/dr). Fromthe t — t, r — r, and @ — 6 of field Eqs. and after several non-trivial manipulations we found
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Conclusions

We consider the following metric that allows us to describe SSS

d&s® = —n(r)de® + m(r)dr® + > (d6 + sin” 0dp?) . (31)
The field Egs. then read
1 m a2
R = 7[m(r;T+2f — Rfg) — 3fRRRR’2] == -Z)r. (32)
3fRR 2m 2n r
(where / := d/dr). Fromthe t — t, r — r, and @ — 6 of field Eqs. and after several non-trivial manipulations we found
, m sy m? R fpr - mr?
m = {21 —m) — 2mrP kT + —(Rfg + f +2RT) + 7[—(2%}? —f+wT)
r(2fg + R’ frR) 3 fr 3
—rmrA (T + T7) + 21 — m)fg + er’fRR]} , (33)
n
A [mr2(f — Rfg +26T",) + 2fg(m — 1) — AIR/fRR} , (34)
r(2fg + rR’ frR)
, 2nm 1 R’ n m m' (m'
n - . 9——(RfR+fA2HT)+7fRR}+7[2 —_ - — )+ — —+7}. (35)
fr 6 rm 2r m n n m n
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Conclusions

Remarks of the above system of ODE's:

@ Notice that Egs. for n’ and n’” are not independent. In fact, one has the

Marcelo Salgado*, in collaboration with Luisa G. Jaime, Leonardo Patifio

freedom of using one or the other. Nevertheless, we have used both to check the
consistency of our equations and the numerical code (solutions).

Now, from the usual expression of R in terms of the Christoffel symbols one
obtains,

R = 4n?m(m — 1) 4 ram’ (4n + m')

2r2n2m? [

—2mm(2n’ + ") + r2mn’2] . (36)

As one can check by a direct calculation, that using the Eqs. for m’, n’, n”’ in the
above Eq., one finds an identity R = R. This result confirms two things: 1) Our
Egs. are consistent and no elementary mistake was made in their derivation; 2)
The previous expression for R does not provide any further information.

When defining the first order variables Q, = n’ and Qg := R’, the above system
of ODE's have the form dy’/dr = F'(r,y") where y' = (m, n, Qu, R, Qr) and
therefore can be solved numerically. As far as we are aware, such a system has
not been considered previously. These equations can be used to tackle several
aspects of SSS spacetimes in f(R) gravity.
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Conclusions

@ We observe that for f(R) = R our system of ODE’s reduce to the well known
equations of GR for SSS spacetimes.

@ Like in the general case, our system of ODE's in vacuum has the exact de Sitter
solution n(r) = m(r)™! =1 — Aegr?/3, R = Ry = const. with Aeg = Ry /4 and
R1 = 2f(R1)/fr(R1).

@ We also need the matter equations V2T,, = 0. So for
Tab = (p+ P)uatlp + gabp, We get

p'=—(p+p)n'/2n (37)

This is the modified Tolman-Oppenheimer-Volkoff equation of hydrostatic
equilibrium which is to be complemented by an EOS.
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Conclusions

NUMERICAL RESULTS

@ For simplicity we shall assume an incompressible fluid (p = const.)

@ We integrate the equations numerically outwards from the origin r = 0 and
impose regularity conditions at r = 0. We fix p(0) (the central pressure) to a
given value (this fixes one “star” configuration).

@ We obtain R(0) by a shooting method so that asymptotically the solution
matches the de Sitter solution R = Ry = const. where R; is a critical point of
the “potential” V(R) = —Rf(R)/3 + fR f(x)dx. Thatis, Ry is a point where
dV(R)/dR = (2f — fgrR) /3 vanishes.

@ This potential is radically different from the scalar-field potential that arises
under the STT map. Furthermore, V(R) is as well defined as the function f(R)
itself.
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We used first the model f(R) = R — aR«In (1 + R/R) (o, R« are positive
constants; R, sets the scale) proposed by Miranda et. al. (PRL 102, 221101,
2009). Warning: for this model fg is not positive definite in general (only if

a <14 R/R.) but frr > 0. Note also that f(R) is only well defined for

0 <1+ R/R«. A priori there is no guarantee that solutions for R exist satisfying
such conditions.

Those authors mapped the theory to the STT counterpart. However, unlike the
Starobinsky model (see below), in this case the resulting scalar-field potential
turns to be single-valued. This is why we take it in order to compare (calibrate)
directly with our method.

@ They did not find any singularity within the object.

@ Under our approach we associate to this f(R) the potential

V(R) = %{(1 +R) [R+ (60 — 1)] —2a(3+2R)In [1+ R] }, where

R = R/R.. For a = 1.2 (the value that Miranda et al. assumed) this potential
has several critical points
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Conclusions

We have used our approach and found no singularities whatsoever in compact objects
(like in Miranda et al.)
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Conclusions

@ We then used the Starobinsky model f(R) = R — AR. {1 — [14 (R/R.)?] _ﬂ}

with 8 = 1. The controversy about the existence of extended relativistic objects
(or absence thereof) was originated using this model. As we saw, the STT
approach gives rise to multivalued potentials.

@ With our method, the potential is given by (R = R/Rx)
2 n [ Lo\ -1 -
V(R) =% {% {R—4)\—2)\ (1+72) } —3Aarctan (R) }.

@ This potential has a rich structure depending on the value of A.

1
1
2,

V(RIR)
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For the value A = 1.56 we found the following solutions using a shooting method
aiming to the local minimum. No singularities whatsoever where found.
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Discussion:

Although we have not find singularities in the spacetime generated by this compact
objects, there is a caveat in the above construction:

In almost all f(R) models the dimension parameters like R., which settles the scale
~ D72, are chosen such that R./Gy ~ A ~ 10"2gcm =3 (A = A/Gp). On the other
hand, if one wants to build a realistic neutron star, the typical densities at the center
are p(0) ~ pnuc ~ 10*gcm™3. That is, there are around 43 orders of magnitude
between the typical density within a neutron star and the average density of the
Universe! This ratio between densities naturally appears in the equations since the
parameters which define the specific f(R) theory are of the order of A, while the
appropriate dimension within neutron stars is pnuc. So in units of pyyc, the
cosmological constant turns out to be ridiculously small, while in units of A, p(r) and
p(r) turn out to be ridiculously large within the neutron star.

In other words, the scale of a neutron star is ~ km while the cosmological scales are
~ 100Mpc. We, like the other authors, have not solved this technical problem...YET,
and therefore have constructed “compact” objects which whether are realisitic but
then A is not. Or the opposite. In both cases the objects are compact and relativistic
in the sense that p ~ p and Gy M /R is not far from 4/9, where M is an ADM mass

defined in asymptotically de Sitter spacetimes.
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Solar system tests: weak field limit. Consider static and spherically
symmetric perturbations (|¢|, || < 1) around a De Sitter background:

ds® = —(1 — ¢ — Nerr?)dt? + (1 + b — Aegrr?)dr? + 12 (d6? +sin? 0dp?)  (38)

where ¢, will vanishing asymptotically. Moreover R = R; + R where |I~?| < |R1l.
Recall Ry = 4Aqf. One can show that outside a spherical body, the solution is

¢ = 2M/r (39)
Y = M/r (40)
(41)

But the post-Newtonian parameter v = |1|/|#| = 1/2 while the measurements
indicate v = 1 4+ a where a ~ 105 (Cassini probe: Bertotti et al. Nature 425, 2003,
474). This result is independent of the particular f(R) model . So in principle f(R)
gravity would be ruled out. However, people discover that some f(R) models can
develop a chameleon: effect that makes modifications to ordinary gravity so that it
decays exponentially in regions of “high” density while decay slower in regions of

“low” density. So within the Sun, the effect of the scalar R would be negligeable,

while in cosmic enviroments would be important.
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Later (1970’s), observations in spiral galaxies showed that gas and stars
revolved around the center of the galaxy in a very peculiar way: their
tangential velocity V/(r) = const. for some r > r, ~ 5kpc instead of
falling off as V2 ~ M, /r, according to the Newtonian expectations.
Here M, ~ const. ~ 10* M, for r > r, stands for the total visible mass
within the galactic core with radius rp.

NGC 3145

N oo

NGC 7664

10 15 20
Distance from center of_galaxy (kpc) —>

Marcelo Salgado*, in collaboration with Luisa G. Jaime, Leonardo Patifio The equation of state of geometric dark energy in f(R) cosmology



Conclusions

Since quite a long time (since time of
Zwicky) there was evidence that astrophysical matter
behaved in a unsual way (dynamics in clusters of
galaxies). It seems that it was Zwicky himslef who coined
the term “dark matter” to explain the dynamics of some of
such systems.

More recently, observations in spiral galaxies showed that
gas, and stars revolved around the center of the galaxy in a
2 (the so called Flat Rotation Curves of

Stars receeding (red-shift)

Stars (see Y.Sofue and V.Rubin, “Rotation
: curves of spiral Galaxi
Aplproa‘;ll_‘;:‘g Rev. Astrophys.. 2001, vol 39, p.137)

(blue-shift) Detectors
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In order to explain these curves, people started to introduce the idea that
around the visible galactic matter there exists a Dark Matter Halo
which is 10 times more massive than the luminous matter and which
produce stronger gravity. Since according to Newtonian expectations
V2/r ~ M(r)/r?, where now M(r) accounts for the total mass including
the Dark and visible Matter, one needs then that M(r) ~ r grows linearly
for V(r) = const. Moreover, since M ~ fpr2dr, the dark matter
contribution to the density should behave as p ~ 1/r?. So one of the
challenges of the Dark Matter supporters is to find a

whose energy density behave this way.
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Rotation curves in spiral galaxies: Assume that the spacetime generated by a
galaxy is static and spherically symmetric.

ds®> = —N?(r)dt? + A%(r)dr® + r? (d6? + sin? 0d?) (42)

Assume that gaz and stars in the galaxy's arms behave as test particles and revolve
around the center in circular orbits on the galactic plane. Then the difference of blue
shift and red shift from the matter approaching and receeding from us are given by

zp = % = %(1 — r&,N/N)~V2 (ro,N/N)'/? (43)
Usually zp is identified with the tangential velocity of the revoling matter. This result
in theory independent. Usually N(r) is given from the solution of the field equations of
the underlying theory. For instance in GR one has N = (1 — 2GM/r)!/?
~ (1 — GM/r). So at first order in GR/r one has zp ~ (GR/r)'/2. However, for f(R)
gravity the result might be different. Notably if f(R) is given a priori. But one can
follow a different strategy like in many Dark Matter models: one can fix zp = const.
then obtain N(r) from Eq.(43) and from the field equations reconstruct f(R). This
approach has been followed by several authors. Nevertheless there is no guarantee that
such a designer model will satisfy all the remaining observations nor that such a model

will serve to reproduce all the rotation curves.
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