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Quintessence 
(dark energy)

Accelerating solutions in a Friedmann-Robertson-Walker 
universe from scalar fields are well known from inflationary 
theories.

All we need is an appropriate scalar potential, and good 
conditions for late-time domination, after the required 
transitions: radiation -> matter -> dark energy

Proposal: The physically relevant solutions are represented by 
heteroclinic lines connecting critical points on the phase-space of the field 
variables.
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Dynamical structure
Full equations of motion in a FRW universe with a matter 
perfect fluid + quintessence field:

Dynamical variables:

Quintessence physical parameters:
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Dynamical structure
New equations of motion:

Phase-space structure

Critical points: points in phase space at which the phase velocity 
vanishes;

Heteroclinic lines: trajectories in the phase-space that connects 
two critical points.
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Dynamical structure
(Exponential case)

Critical points: points in phase space at which the phase velocity 
vanishes; A, B, C, D

Heteroclinic lines: trajectories in phase space that connects two 
critical points; I, II, III, IV, V
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Critical points: points in phase space at which the phase velocity 
vanishes; A, B, C, D, E

Heteroclinic lines: trajectories in phase space that connects two 
critical points; I, II, III, IV, V, VI
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Critical points: points in phase space at which the phase velocity 
vanishes; A, B, C, D, E

Heteroclinic lines: trajectories in phase space that connects two 
critical points; I, II, III, IV
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Dynamical structure
Because of the long matter-dominated period, appropriate initial 
conditions correspond to phase-space points nearby the matter-
dominated point A; late-dynamics of the quintessence field is influenced 
by this fact and its evolution must not start arbitrarily.
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Dynamical structure
Because of the long matter-dominated period, appropriate initial 
conditions correspond to phase-space points nearby the matter-
dominated point A; late-dynamics of the quintessence field is influenced 
by this fact and its evolution must not start arbitrarily.
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Thawing constraint
Because of matter-domination, 
the quintessence field follows

the phase-space trajectory:
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Dynamical structure
Because of the long matter-dominated period, appropriate initial 
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dominated point A; late-dynamics of the quintessence field is influenced 
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Dynamical structure
The physically relevant dynamics is then represented by the 
heteroclinic line departing from the (unstable) critical point A (perfect 
fluid domination)
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Dynamical structure
The physically relevant dynamics is then represented by the 
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fluid domination)

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

y

x

h=3

A BC

E

I
II
III
IV

A

Thawing constraint
Because of matter-domination, 
the quintessence field follows

the phase-space trajectory:

It is the heteroclinic line that
departs from the critical point A

(red line)

x(y) =
2

2 + �

�p
6
y

2

U-L, arXiv:1108.4712

10Friday, January 13, 12



general dynamics:
Freezing

The roll-parameter decreases as the universe expands
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general dynamics:
Freezing

The roll-parameter decreases as the universe expands
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general dynamics:
Thawing

The roll-parameter increases as the universe expands

Projection onto the 2D 
phase space
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general dynamics:
Thawing

The roll-parameter increases as the universe expands

Projection onto the 2D 
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general dynamics:
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The roll-parameter increases as the universe expands
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general dynamics:
Thawing

The roll-parameter increases as the universe expands
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Conclusions
The dynamics of dark energy scalar fields, for physically 
relevant solutions, is fully described by critical points and 
heteroclinic trajectories on the phase-space.

The viability of a given model is also easily determined by 
looking at its heteroclinic trajectories departing from the 
critical point of matter domination.

The phase space of any quintessence field is topologically 
similar to that of the exponential potential.

That physically relevant trajectories are also heteroclinic must 
be true for other models of dark energy (in terms of properly 
chosen phase variables) (conjecture).
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