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Observational evidences

Observational evidence: the rotational curves profiles observed in
galaxies and galactic clusters

Figura: Velocity profile
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Einstein’s equations

We use the best mathematical tool that we have, the Einstein’s
equations,

Rµν −
1

2
gµν R + Λ gµν = 8π

G

c4
Tµν ,

to deal with the nature of the dark matter. So far, I can show you
that imposing extra assumptions on that nature, bias the results
and the inference on the physical properties of the system.
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Galactic scale

We consider a spherical symmetric, static space time.

ds2 = −e2Φ/c2 c2 dt2 +
dr2

1− 2G m
c2 r

+ r2 dΩ2,

where dΩ = dθ2 + sin2 θdϕ2. The gravitational potential Φ(r) and
the mass function m(r) are functions of the radial coordinate only.
In fact, due to the symmetries of this space-time, all physical
quantities depend only on r .
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The spacetime is curved due to a matter energy distribution given
by the stress energy tensor, satisfying the conservation equation. It
is the dark matter tensor, and we consider the barionic matter as a
test field. Thus, our set of equations is formed by the Einstein’s
equations, which in this case they reduce to only two non trivial
equations, and by the conservation equation. We obtain three
equations in total. The stress energy tensor has the general form:
Tµ

ν = diag
(
T t
t ,T

r
r ,T

θ
θ ,T

θ
θ

)
, and the system of equations is

m′ = −4πr2

c2
T t

t ,(
1− 2 mG

c2r

)
Φ′

c2
− mG

c2r2
= 4π G r

c4
T r

r ,

T r
r
′ + (T r

r − T t
t )

(
Φ′

c2
+

2 (T r
r −Tθ

θ )
r

)
= 0.
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By solving the geodesic motion in this spacetime, for the case of
circular orbits of massive test particles, we obtain a relation
between the gravitational potential and the tangential speed:

Φ′

c2
=

β2

r
,

where we have defined β2 = vc 2

c2
.
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It is remarkable that the equation relating the gravitational
potential and the tangential speed of the test particle in circular
orbit obtained within the General Relativistic framework, is the
same as the one obtained in the Newtonian description by simply
equating the gravitational force (as the gradient of the potential)
with the centripetal force. From the three equations left in the
General Relativistic framework, the one relating the mass function
with the density (- the tt component) is also the same as in the
Newtonian theory.

m′ = −4πr2

c2
T t

t , ,
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The two equations left are, however, qualitatively and
quantitatively different from their Newtonian counterpart. The
continuity equation determines the relation between the
components of the test field, once the tangential velocity has been
given. No extra freedom to choose an equation of state or a scalar
potential.

T r
r
′ +
(
T r
r − T t

t

)(Φ′

c2
+

2
(
T r
r − T θ

θ

)
r

)
= 0. (1)
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The other Einstein’s equation, generalizes the relation between the
mass function and the gravitational potential. It is not the simple
Poisson’s equation and, thus, the mass in not simply determined by
the gravitational potential.(

1− 2
mG

c2r

)
Φ′

c2
− mG

c2r2
=

4π G r

c4
T r

r , (2)
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We can use the gravitational lensing equation to infer more
features on the nature of the dark matter. As we will see, by
comparing with the observation, this equation can be used to
discriminate among the different types of matter considered.

∆ϕ = −
∫ rm

∞

rm dr

r2

√(
1− 2G m

rc2

) [
e−2 Φ

c2 e2
Φ(rm)

c2 − r2m
r2

] .
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System of equations

The observations of the velocity profile (observed, derived or
proposed), and those of gravitational lensing implies the following
system of equations

m′ = −4πr2

c2
T t

t ,(
1− 2 mG

c2r

)
β2 − mG

c2r
= 4π G r2

c4
T r

r ,

r T r
r
′ + (T r

r − T t
t )β

2 + 2
(
T r
r − T θ

θ

)
= 0.

∆ϕ = −
∫ rm
∞

rm dr

r2

√√√√(
1− 2 G m

rc2

)[
e
−2

Φ(β)

c2 e
2
Φ(rm)

c2 − r2m
r2

] .

It is a closed system, of four equations for four unknowns.
(Considering that the deflection angle function is known)
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Perfect fluid

Let us take the case of a perfect fluid, T r
r = T θ

θ = p,T t
t = −ρ.

The system becomes overdetermined, leaving us with the following
first three equations:

m′ = −4πr2

c2
T t

t ,(
1− 2 mG

c2r

)
β2 − mG

c2r
= 4π G r2

c4
T r

r ,

r T r
r
′ + (T r

r − T t
t )
(
β2
)
= 0.

which is closed for the three unknowns, ρ, p,m. No room left to
give an equation of state, in particular, p = 0 is inconsistent. The
lens equation is then used as a consistency test.
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Scalar field

Considering now a scalar field, χ: T t
t = T θ

θ =

−
[
1
2

(
1− 2G m

c2 r

)
χ′2 + V (χ)

]
,T r

r = 1
2

(
1− 2G m

c2 r

)
χ′2 − V (χ),

the system is again overdtermined, and the first three equations
form a closed set: (Remark the form of the Klein-Gordon equation)

m′ = −4πr2

c2
T t

t ,(
1− 2 mG

c2r

)
β2 − mG

c2r
= 4π G r2

c4
T r

r ,

r T r
r
′ + (T r

r − T t
t )
(
β2 + 2

)
= 0.

three unknowns, χ,V (χ),m, three equations. No room left to give
a specific scalar potential, in particular V (χ) ∼ χ2 is inconsistent.
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We again underline that there is no more freedom to choose an
equation of state relating the density and the pressure, in the case
that the curvature is due to a perfect fluid, or to choose a scalar
potential, in the case of a scalar field. The equation of state or the
scalar potential are determined by the consistency of the system of
equations with the velocity profile given. The system of the first
three equations is closed. Both cases can be writen in one set

m′ = −4πr2

c2
T t

t ,(
1− 2 mG

c2r

)
β2 − mG

c2r
= 4π G r2

c4
T r

r ,

r T r
r
′ + (T r

r − T t
t )
(
β2 + 2 a

)
= 0.

with a = 0 for the case of perfect fluid, a = 1 for the case of a
scalar field. And both dark matter candidates are, by construction,
equally consistent with the observations.
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Actually, combining the equations, we can obtain an equation
involving only the mass function in terms of the given tangential
velocity profile and the type of dark matter curving the spacetime.

m′ + P(r)m = Q(r),

with

P(r) =
2 r β2′ −

(
1 + 2β2

) (
3− 2 a− β2

)
(1− 2a+ β2) r

,

Q(r) =
c2

G

r β2′ − β2
(
2− 2 a− β2

)
(1− 2a+ β2)

.
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That is, in order to determine the mass of the dark halo, the type
of matter generating that mass must be known. Which, actually, is
the big question, the nature of the dark matter. The measurement
of the light distortion, and its comparison with the predictions of
the lens equation, already fixed, allows us to discriminate between
the type of matter.
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NFW

As an example, we consider a NFW velocity profile

v2T =
σ0

2r0
r

(
− r/r0
1 + r/r0

+ ln [1 + r/r0]

)
.

where σ0 = 4π G ρ0 r0
2 is a characteristic velocity of stars in the

halo, given in terms of a characteristic density, and r0 is a scale
radius.
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NFW

The associated mass is then
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Figura: Halo mass and deflection angle
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This result is particularly important to emphasize, as long as we are
searching for the determination of the nature of the dark matter.
To impose, from the out side, a particular type of matter not only
bias the study an leads to non generic results, but can be all
together wrong as it is inconsistent with the system of equations.
Details in Phys.Rev.D82:024025,2010. e-Print: arXiv:1006.4875
[astro-ph.GA]
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Future work

We are optimistic and think that this is a fruitfull track, using the
observations in the Einstein’s equations without bias allows us to
explore the nature of the dark matter. However, we have to
continue the studies in realistic models. It is an idealization to have
a pure dark matter halo with just enough test particles and with
several distorted images, so that the velocity profile and the light
deflection could be accurately measured. Usually the barionic
component is large at the central regions and screens the dark
matter influence on the observations.
The idea is to continue on this line of thought considering more
general cases which can be related to the actual observations.
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