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diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].
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1 Introduction

There are two kind of multifield inflation: the ones with other light fields, and the ones with
a gas of particles.

2 Effective Field Theory of Single Clock Inflation

In this section we briefly review the effective action for single clock inflation. This effective
action was developed in [1, 2] and we refer the reader to those papers for a detailed explanation.
The construction of the effective theory is based on the following consideration. In a quasi
de Sitter background with only one relevant degree of freedom, there is a privileged spatial
slicing, given by the physical clock which allows us to smoothly connect to a decelerated
hot Big Bang evolution. The slicing is usually realized by a time evolving scalar φ(t). To
describe perturbations around this solution one can choose a gauge where the privileged slicing
coincides with surfaces of constant t, i.e. δφ(#x, t) = 0. In this ‘unitary’ gauge there are no
explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms have
been fixed and are not a gauge symmetry anymore, the graviton now describes three degrees
of freedom: the scalar perturbation has been eaten by the metric. One therefore can build
the most generic effective action with operators that are functions of the metric fluctuations
and that are invariant under the linearly-realized time-dependent spatial diffeomorphisms. As
usual with effective field theories, this can be done in a low energy expansion in fluctuations
of the fields and derivatives. We obtain the following Lagrangian [1, 2]:

SE.H. + S.F. =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 −M2

Pl(3H
2 + Ḣ) +

+
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 − M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (1)

where we denote by δKµν the variation of the extrinsic curvature of constant time surfaces
with respect to the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν being the induced
spatial metric, and where M2,3 and M̄1,2,3 represent some time-dependent mass scales.

Let us comment briefly on (1). The first term is the Eistein-Hilbert term. Together with
the second and third term, these are the only three terms starting linearly in the metric
fluctuations. The coefficients have been carefully chosen to ensure that in the combination of
these three terms the linear terms in the fluctuations cancel, and the action start quadratic in
the fluctuations. The terms in the second line start quadratic in the fluctuations and there are
no derivatives acting on the metric fluctuations, while the terms in third line represent higher
derivative terms. Dots represent operators that start at higher order in the perturbations or
in derivatives. In [1] it is proven that this action for single field inflation is the most general
one and it is indeed unique.

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton he-
licities and a scalar mode. This mode will become explicit after one performs a broken time
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Parameters: H, Ḣ, Ḧ, M2, M3

Structure is set by the symmetries, the requirement that everything can be incorporated 
into the metric by a suitable choice of coordinates. Specific signs and coefficients in front 
of various terms, requirement of certain interactions, difference between time and space 
derivatives. 
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1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
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ω2 = c2
sk

2

M2 changes the dispersion relation of modes, introducing a “sound speed”. Same 
term that changes the propagation speed generates interactions. 

There are two independent cubic self interactions, π̇(∂iπ)2 and π̇3 at this order in derivatives,
which can induce detectable non-Gaussianities in the primordial density perturbations. A
small speed of sound (i.e. a large M2) forces large self interactions of the form π̇(∂iπ)2, while
the coefficient of the operator π̇3 is still unfixed thanks to M3. By analysis of the cosmological
data, one can therefore constraint (or measure) the parameters of the above Lagrangian. This
approach has been recently applied to the WMAP data in [9], giving constraints on M2 and
M3, as well as on the higher derivative operators that we have omitted in (5). This is the exact
analogous of what happens for data from particle accelerators when the precision electroweak
tests of the Standard Model are carried out [10, 11].

2.1 A detectable four-point function from single field inflation

It is by now well established that single field inflation can produce a large and detectable level
of non-Gaussianity through its three-point function. It is worth to ask if it is possible in single
field inflation to have a large and detectable four-point function without at the same time
having a detectable three-point function. The effective Lagrangian of single field inflation of
sec. 2 should be the ideal general set up to address this kind of questions.

Restricting ourselves to the case where the Goldstone boson is protected by an approximate
shift symmetry, [1, 9] show that in single field inflation there are only two ways to have a large
three-point function: either by having a very small speed of sound cs for the fluctuations, or
by the unperturbed solution being so close to de Sitter space that the dispertion relation of
the Goldstone boson is of the form ω2 ∼ k4/M2, where M is some mass scale of the order of
M̄2,3.

In the case of a small speed of sound, the large three-point function is induced by the
operators π̇(∂iπ)2 and π̇3 that are associated with the unitary gauge operators (δg00)2 and
(δg00)3. In particular, by estimating loop corrections, [9] has shown that if the coefficient
of the operator (δg00)2 is M4

2 ∼ ḢM2
Pl/c

2
s, where we have taken the cs " 1 limit of (6),

then the operator (δg00)3 is naturally generated with a coefficient of the order M4
3 ∼ M4

2 /c2
s

(and viceversa), so that both of the operators generate a comparable amount of three-point
function, which is given by:

fNLζ ∼ L3

L2

∣∣∣∣
E∼H

∼ 1

c2
s

ζ ⇒ fNL ∼
1

c2
s

. (7)

In the second passage above we have taken the ratio of the cubic and the quadratic Lagrangian
at energies of order H. The Planck satellite will reach a limit on fNL ∼ few [17], so, let us
limit ourself to the case cs " 1. The reason why the natural value of M4

3 is M4
2 /c2

s can be
quickly understood by doing the following manipulations of the single field Lagrangian

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

c2
s

(
π̇2 − c2

s

(∂iπ)2

a2

)
− M2

PlḢ

c2
s

π̇
(∂iπ)2

a2
− 2

3

c̃3

c4
s

M2
PlḢπ̇3

]
, (8)

where we have used (6), and we have redefined M4
3 = c̃3M4

2 /c2
s. We can perform a transfor-

mation of the spatial coordinates:

&x → &̃x = &x/cs , (9)
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Observational Consequences: 3-pt function

k6
1〈ζk1ζk2ζk3〉 = F (

k2

k1
,
k3

k1
)

k2

k3

k1

Higher order moments, departure from Gaussianity are sensitive to the interactions. 
Even after requiring scale invariance and translation invariance the three point function is still 
an arbitrary function of two continuous variable. 
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where to estimate the effect we have taken the ratio of the cubic and the quadratic Lagrangian
at energies of order H. It is customary to define check numerical factors of fnl definition
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The Planck satellite is expected to reach a limit on fNL ∼ few [17] so we will limit
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Estimating the 3-pt function
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PlḢcs)

1/2 π , (12)

to obtain

Sπ =

∫
dt d3x̃

√
−g




1

2

(
π̇2

c −
(∂̃iπc)2

a2

)
− 1

(
8|Ḣ|M2
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Two shapes are possible
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The Squeezed limit

Non-Gaussianities

In single clock models there 
is a direct connection between 
the departures from scale 
invariance and the three point 
function. 

k3 << k1 ∼ k2

ζ(x) = ζg(x) + fNLζ2
g (x) + · · ·
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Single field consistency relation for the 3-point function

Paolo Creminelli∗ and Matias Zaldarriaga∗†
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†Astronomy Department, Harvard University, Cambridge, MA, 02138, USA

We point out the existence of a consistency relation involving the 3-point function of scalar
perturbations which is valid in any inflationary model, independently of the inflaton Lagrangian
under the assumption that the inflaton is the only dynamical field. The 3-point function in the
limit in which one of the momenta is much smaller than the other two is fixed in terms of the power
spectrum and its tilt. This relation, although very hard to verify experimentally, could be easily
proved wrong by forecoming data, thus ruling out any scenario with a single dynamical field in a
model independent way.

PACS numbers: 98.80.Cq

In the last few years various modifications of the sin-
gle field slow-roll inflation scenario have been proposed.
The basic mechanism for solving the standard cosmolog-
ical problems remains unaltered: a rapid expansion with
an approximately constant Hubble parameter. What is
different in these recent models are the characteristics of
the produced density perturbations. These are modified
if we change the inflaton dynamics with respect to the
minimal slow-roll case, for example with higher deriva-
tive terms in the inflaton Lagrangian [1, 2, 3, 4] or adding
sharp features in the inflaton potential [5]. Another pos-
sibility is to assume that density perturbations are cre-
ated by another field, different from the inflaton, whose
quantum fluctuations are finally converted into adiabatic
perturbations [6, 7].

These alternative models generically give distinctive
predictions for the shape of the scalar spectrum, the
gravitational wave contribution and for the scalar 3-point
function, which should allow to distinguish them from a
minimal slow-roll model. Without much theoretical guid-
ance about which kind of modification is more likely, it
would be extremely useful to make model independent
statements about the observable quantities.

The purpose of this letter is to indicate the existence
of a consistency relation involving the 3-point function
of scalar perturbations, which is valid in any inflationary
model irrespectively of the inflaton dynamics (1), under
the assumption that the inflaton is the only dynamical
field during inflation. It is not based on any slow-roll ap-
proximation and it is valid for any inflaton Lagrangian.
We will show that the consistency relation is in some
sense kinematical, being just a consequence of the as-
sumption that there are no other fields which evolve (clas-
sically or quantum mechanically) during inflation. The
inflaton is the only “clock of the Universe” and it fixes
the Hubble parameter: fluctuations of the inflaton are

1 A different kind of consistency relation valid in a particular set
of models has been recently pointed out in [8].

therefore equivalent to a relative rescaling of the scale
factor in different parts of the Universe.

The consistency relation relates a particular geometri-
cal limit of the 3-point function of density perturbations
to the spectrum and tilt of the 2-point function:

lim
k1→0

〈ζ!κ1
ζ!κ2

ζ!κ3
〉 = −(2π)3δ3(

∑

i

$ki)(ns−1)Pk1
Pk3

. (1)

On the left-hand side we have the 3-point function of the
ζ variable, which is the non-linear generalization of the
well known variable introduced by Bardeen, Steinhardt
and Turner [9]. The non-linear generalization, introduced
in [10], is such that the metric, once a mode is frozen
outside the horizon, can be written as

ds2 = −dt2 + e2ζ(x)a(t)2dxidxi . (2)

The 3-point function is evaluated in the particular geo-
metrical limit in which one of the wavevectors ($k1) be-
comes much smaller than the other two. For momentum
conservation this implies that the other two momenta
become equal and opposite. On the right-hand side we
have the two power spectra of the ζ variable, one for the
long mode k1 and one for the short modes k2 $ k3. The
power spectrum is defined by

〈ζ!ki
ζ!kj

〉 = (2π)3δ3($ki + $kj)Pki
, (3)

while ns − 1 is the usual tilt of the scalar spectrum:
〈ζζ〉 ∼ k−3+(ns−1). If the variation of the scalar tilt is
not negligible ns must be considered a function of k. In
this case ns must be replaced by ns(k3) in the right-hand
side of the consistency relation (1).

Let us now proceed to the proof of eq. (1), which will
underline which are the assumptions we have to make.
In an inflating Universe, independently of the specific
inflaton dynamics, modes with longer wavelength freeze
earlier2. Therefore, taking k1 & k2,3, the first mode

2 A mode will freeze when its frequency is of order H. This in
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the Hubble parameter: fluctuations of the inflaton are

1 A different kind of consistency relation valid in a particular set
of models has been recently pointed out in [8].

therefore equivalent to a relative rescaling of the scale
factor in different parts of the Universe.

The consistency relation relates a particular geometri-
cal limit of the 3-point function of density perturbations
to the spectrum and tilt of the 2-point function:

lim
k1→0

〈ζ!κ1
ζ!κ2

ζ!κ3
〉 = −(2π)3δ3(

∑

i

$ki)(ns−1)Pk1
Pk3

. (1)

On the left-hand side we have the 3-point function of the
ζ variable, which is the non-linear generalization of the
well known variable introduced by Bardeen, Steinhardt
and Turner [9]. The non-linear generalization, introduced
in [10], is such that the metric, once a mode is frozen
outside the horizon, can be written as

ds2 = −dt2 + e2ζ(x)a(t)2dxidxi . (2)

The 3-point function is evaluated in the particular geo-
metrical limit in which one of the wavevectors ($k1) be-
comes much smaller than the other two. For momentum
conservation this implies that the other two momenta
become equal and opposite. On the right-hand side we
have the two power spectra of the ζ variable, one for the
long mode k1 and one for the short modes k2 $ k3. The
power spectrum is defined by

〈ζ!ki
ζ!kj

〉 = (2π)3δ3($ki + $kj)Pki
, (3)

while ns − 1 is the usual tilt of the scalar spectrum:
〈ζζ〉 ∼ k−3+(ns−1). If the variation of the scalar tilt is
not negligible ns must be considered a function of k. In
this case ns must be replaced by ns(k3) in the right-hand
side of the consistency relation (1).

Let us now proceed to the proof of eq. (1), which will
underline which are the assumptions we have to make.
In an inflating Universe, independently of the specific
inflaton dynamics, modes with longer wavelength freeze
earlier2. Therefore, taking k1 & k2,3, the first mode

2 A mode will freeze when its frequency is of order H. This in
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In the last few years various modifications of the sin-
gle field slow-roll inflation scenario have been proposed.
The basic mechanism for solving the standard cosmolog-
ical problems remains unaltered: a rapid expansion with
an approximately constant Hubble parameter. What is
different in these recent models are the characteristics of
the produced density perturbations. These are modified
if we change the inflaton dynamics with respect to the
minimal slow-roll case, for example with higher deriva-
tive terms in the inflaton Lagrangian [1, 2, 3, 4] or adding
sharp features in the inflaton potential [5]. Another pos-
sibility is to assume that density perturbations are cre-
ated by another field, different from the inflaton, whose
quantum fluctuations are finally converted into adiabatic
perturbations [6, 7].

These alternative models generically give distinctive
predictions for the shape of the scalar spectrum, the
gravitational wave contribution and for the scalar 3-point
function, which should allow to distinguish them from a
minimal slow-roll model. Without much theoretical guid-
ance about which kind of modification is more likely, it
would be extremely useful to make model independent
statements about the observable quantities.

The purpose of this letter is to indicate the existence
of a consistency relation involving the 3-point function
of scalar perturbations, which is valid in any inflationary
model irrespectively of the inflaton dynamics (1), under
the assumption that the inflaton is the only dynamical
field during inflation. It is not based on any slow-roll ap-
proximation and it is valid for any inflaton Lagrangian.
We will show that the consistency relation is in some
sense kinematical, being just a consequence of the as-
sumption that there are no other fields which evolve (clas-
sically or quantum mechanically) during inflation. The
inflaton is the only “clock of the Universe” and it fixes
the Hubble parameter: fluctuations of the inflaton are

1 A different kind of consistency relation valid in a particular set
of models has been recently pointed out in [8].

therefore equivalent to a relative rescaling of the scale
factor in different parts of the Universe.

The consistency relation relates a particular geometri-
cal limit of the 3-point function of density perturbations
to the spectrum and tilt of the 2-point function:
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On the left-hand side we have the 3-point function of the
ζ variable, which is the non-linear generalization of the
well known variable introduced by Bardeen, Steinhardt
and Turner [9]. The non-linear generalization, introduced
in [10], is such that the metric, once a mode is frozen
outside the horizon, can be written as
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The 3-point function is evaluated in the particular geo-
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comes much smaller than the other two. For momentum
conservation this implies that the other two momenta
become equal and opposite. On the right-hand side we
have the two power spectra of the ζ variable, one for the
long mode k1 and one for the short modes k2 $ k3. The
power spectrum is defined by

〈ζ!ki
ζ!kj
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, (3)

while ns − 1 is the usual tilt of the scalar spectrum:
〈ζζ〉 ∼ k−3+(ns−1). If the variation of the scalar tilt is
not negligible ns must be considered a function of k. In
this case ns must be replaced by ns(k3) in the right-hand
side of the consistency relation (1).

Let us now proceed to the proof of eq. (1), which will
underline which are the assumptions we have to make.
In an inflating Universe, independently of the specific
inflaton dynamics, modes with longer wavelength freeze
earlier2. Therefore, taking k1 & k2,3, the first mode

2 A mode will freeze when its frequency is of order H. This in

2

will be already frozen outside the horizon when the two
smaller ones freeze. As we are assuming that there is only
one clock, the inflaton value fixes the Hubble parameter
so that the only difference among different parts of the
Universe is a rescaling of the spatial coordinates as in
eq. (2). It is important to note that we are implicitly as-
suming that the perturbations are just fluctuations back
and forth on the same unique classical solution; at the
same value of the inflaton φ we have the same value of
φ̇, H and so on. This is the case if the classical solution
is a dynamical attractor, so that only one mode of the
perturbations remains after horizon crossing while the
other decays exponentially. Thus to make our assump-
tions more precise: we are assuming that, neglecting de-
caying modes, only a single classical evolution is possible,
so that the only allowed perturbations are along this sin-
gle solution and they can thus be written in terms of the
ζ variable as in eq. (2). In other words we do not have
any isocurvature component.

The 2-point function 〈ζ!k2
ζ!k3

〉 will now depend on the
value of the background wave ζ1 already frozen outside
the horizon. As it is clear from the metric (2), a long
wavelength mode ζ1 is equivalent, neglecting gradients,
to a rescaling of the coordinates. In position space the
variation of the 2-point function given by a classical back-
ground ζ1 is at linear order

∂

∂ζ1
〈ζ(x)ζ(0)〉 · ζ1 = x

d

dx
〈ζ(x)ζ(0)〉 · ζ1 . (4)

To get the 3-point function we have to multiply the ex-
pression above by ζ1 and average over it. Going to
Fourier space leads to our consistency relation (1). Again
in the assumption that the inflaton is the only clock, ζ
is constant outside the horizon [10], because neglecting
gradients the effect of ζ is equivalent to an unobservable
rescaling of the coordinates: every observer goes through
exactly the same history. This implies that the con-
sistency relation, obtained during inflation, holds later
whatever is the evolution of the Universe, before per-
turbations finally reenter in the horizon. Note that the
consistency relation holds only if we generalize the linear
expression (1+2ζ(x)) to the exponential form used in the
metric (2), although the variable ζ would be conserved
outside the horizon even using another form. The reason
is that only with the exponential form the effect of the
background wave eζ1 multiplies the small scale fluctua-
tions and can therefore be traded with a scale redefinition
on the short modes.

general does not imply that its wavelength is of the order of the
Hubble horizon unless the inflaton fluctuations have a standard
dispersion relation with a sound speed equal to the speed of light.
This is true in standard slow-roll inflation, but it is not the case
in more generic models [1, 3, 4].

Eq. (1) was derived by Maldacena [11] in his calcula-
tion of the 3-point function in single-field slow-roll infla-
tion. Our point here is to stress that this consistency
relation has a much broader validity, being only a con-
sequence of the assumption that the inflaton is the only
clock in the Universe. The effect of a long wavelength
mode is just a scale redefinition so that the 3-point func-
tion is fixed in the limit k1 # k2,3 and vanishes if the
2-point function is scale invariant. The reader might be
surprised that the scalar spectrum, which can be calcu-
lated from the quadratic Lagrangian of the fluctuations,
knows something about the 3-point function, which is
an intrinsically non-linear object. In the limit we are
considering the additional information is encoded in the
background cosmological solution a(t) as the long wave-
length mode is equivalent to an overall rescaling of the
unperturbed history a(t).

Experimental limits on non-gaussianity are set on the
scalar variable fNL defined through the relation

ζ(x) = ζg(x) −
3

5
fNL(ζg(x)2 −

〈

ζ2
g

〉

) , (5)

where ζ is the observed perturbation and ζg is gaussian3.
This assumes that the non-gaussianity is introduced by
quadratic corrections at the same point in space. The
present limits on fNL are given by the WMAP experi-
ment −58 < fNL < 134 at 95% of CL [12]. The Planck
experiment will improve this limit down to fNL ∼ 5. Def-
inition (5) implies a 3-point function which reduces in the
squeezed limit k1 # k2,3 to

lim
k1→0

〈ζ!κ1
ζ!κ2

ζ!κ3
〉 = (2π)3δ3(

∑

i

&ki) 4fNLPk1
Pk3

. (6)

From this expression we obtain that our consistency re-
lation implies a very low level of non-gaussianity in the
particular geometrical limit k1 # k2,3, much below cur-
rent and forecoming limits. For single field slow-roll in-
flation the 3-point function remains small even consider-
ing triangles in momentum space with comparable sides
[11, 13]. This, however, is not true in general for any
model where the inflaton is the only dynamical field. Var-
ious models have been proposed which predict quite a big
level of non-gaussianity, not far from the present limits
[2, 3, 4]. For these models the 3-point function, which is
big for generic triangles, becomes very small in the limit
k1 # k2,3.

The reader might be worried about the interest of the
proposed consistency relation. It implies that the 3-point
function is very small in a given geometrical limit, so that
the relation will probably never be verified. The point is

3 The non-linearity parameter is defined for the Newtonian poten-
tial in matter dominance; this explains the factor of 3/5 in the
definition.
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In the last few years various modifications of the sin-
gle field slow-roll inflation scenario have been proposed.
The basic mechanism for solving the standard cosmolog-
ical problems remains unaltered: a rapid expansion with
an approximately constant Hubble parameter. What is
different in these recent models are the characteristics of
the produced density perturbations. These are modified
if we change the inflaton dynamics with respect to the
minimal slow-roll case, for example with higher deriva-
tive terms in the inflaton Lagrangian [1, 2, 3, 4] or adding
sharp features in the inflaton potential [5]. Another pos-
sibility is to assume that density perturbations are cre-
ated by another field, different from the inflaton, whose
quantum fluctuations are finally converted into adiabatic
perturbations [6, 7].

These alternative models generically give distinctive
predictions for the shape of the scalar spectrum, the
gravitational wave contribution and for the scalar 3-point
function, which should allow to distinguish them from a
minimal slow-roll model. Without much theoretical guid-
ance about which kind of modification is more likely, it
would be extremely useful to make model independent
statements about the observable quantities.

The purpose of this letter is to indicate the existence
of a consistency relation involving the 3-point function
of scalar perturbations, which is valid in any inflationary
model irrespectively of the inflaton dynamics (1), under
the assumption that the inflaton is the only dynamical
field during inflation. It is not based on any slow-roll ap-
proximation and it is valid for any inflaton Lagrangian.
We will show that the consistency relation is in some
sense kinematical, being just a consequence of the as-
sumption that there are no other fields which evolve (clas-
sically or quantum mechanically) during inflation. The
inflaton is the only “clock of the Universe” and it fixes
the Hubble parameter: fluctuations of the inflaton are

1 A different kind of consistency relation valid in a particular set
of models has been recently pointed out in [8].

therefore equivalent to a relative rescaling of the scale
factor in different parts of the Universe.

The consistency relation relates a particular geometri-
cal limit of the 3-point function of density perturbations
to the spectrum and tilt of the 2-point function:

lim
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〈ζ!κ1
ζ!κ2

ζ!κ3
〉 = −(2π)3δ3(

∑

i

$ki)(ns−1)Pk1
Pk3

. (1)

On the left-hand side we have the 3-point function of the
ζ variable, which is the non-linear generalization of the
well known variable introduced by Bardeen, Steinhardt
and Turner [9]. The non-linear generalization, introduced
in [10], is such that the metric, once a mode is frozen
outside the horizon, can be written as

ds2 = −dt2 + e2ζ(x)a(t)2dxidxi . (2)

The 3-point function is evaluated in the particular geo-
metrical limit in which one of the wavevectors ($k1) be-
comes much smaller than the other two. For momentum
conservation this implies that the other two momenta
become equal and opposite. On the right-hand side we
have the two power spectra of the ζ variable, one for the
long mode k1 and one for the short modes k2 $ k3. The
power spectrum is defined by

〈ζ!ki
ζ!kj

〉 = (2π)3δ3($ki + $kj)Pki
, (3)

while ns − 1 is the usual tilt of the scalar spectrum:
〈ζζ〉 ∼ k−3+(ns−1). If the variation of the scalar tilt is
not negligible ns must be considered a function of k. In
this case ns must be replaced by ns(k3) in the right-hand
side of the consistency relation (1).

Let us now proceed to the proof of eq. (1), which will
underline which are the assumptions we have to make.
In an inflating Universe, independently of the specific
inflaton dynamics, modes with longer wavelength freeze
earlier2. Therefore, taking k1 & k2,3, the first mode

2 A mode will freeze when its frequency is of order H. This in

Consistency relation

For modes outside the horizon

k1
k2

k3
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The shapes in pictures
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Observational Consequences: 4-pt function

k2

k3

k1

Higher order moments have even more freedom. 
Even after requiring scale invariance and translation invariance the four point function is still an 
arbitrary function of five continuous variable. 

k4

k9
1〈ζk1ζk2ζk3ζk4〉 = F (

k2

k1
,
k3

k1
,
k4

k1
, θ, φ)

Senatore & MZ in preparation. 
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1 Introduction

There are two kind of multifield inflation: the ones with other light fields, and the ones with
a gas of particles.

2 Effective Field Theory of Single Clock Inflation

In this section we briefly review the effective action for single clock inflation. This effective
action was developed in [1, 2] and we refer the reader to those papers for a detailed explanation.
The construction of the effective theory is based on the following consideration. In a quasi
de Sitter background with only one relevant degree of freedom, there is a privileged spatial
slicing, given by the physical clock which allows us to smoothly connect to a decelerated
hot Big Bang evolution. The slicing is usually realized by a time evolving scalar φ(t). To
describe perturbations around this solution one can choose a gauge where the privileged slicing
coincides with surfaces of constant t, i.e. δφ(#x, t) = 0. In this ‘unitary’ gauge there are no
explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms have
been fixed and are not a gauge symmetry anymore, the graviton now describes three degrees
of freedom: the scalar perturbation has been eaten by the metric. One therefore can build
the most generic effective action with operators that are functions of the metric fluctuations
and that are invariant under the linearly-realized time-dependent spatial diffeomorphisms. As
usual with effective field theories, this can be done in a low energy expansion in fluctuations
of the fields and derivatives. We obtain the following Lagrangian [1, 2]:

SE.H. + S.F. =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 −M2

Pl(3H
2 + Ḣ) +

+
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 − M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (1)

where we denote by δKµν the variation of the extrinsic curvature of constant time surfaces
with respect to the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν being the induced
spatial metric, and where M2,3 and M̄1,2,3 represent some time-dependent mass scales.

Let us comment briefly on (1). The first term is the Eistein-Hilbert term. Together with
the second and third term, these are the only three terms starting linearly in the metric
fluctuations. The coefficients have been carefully chosen to ensure that in the combination of
these three terms the linear terms in the fluctuations cancel, and the action start quadratic in
the fluctuations. The terms in the second line start quadratic in the fluctuations and there are
no derivatives acting on the metric fluctuations, while the terms in third line represent higher
derivative terms. Dots represent operators that start at higher order in the perturbations or
in derivatives. In [1] it is proven that this action for single field inflation is the most general
one and it is indeed unique.

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton he-
licities and a scalar mode. This mode will become explicit after one performs a broken time

2

Although there are quartic interactions inside (g00+1)2 and (g00+1)3 quartic terms, those are 
very small given current constraints on the three point function. 

diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].

3

Could one have an observable 4-pt function without a much 
larger 3-pt?



where we have used (6), and we have redefined M4
3 = c̃3M4

2 /c2
s. We can perform a transfor-

mation of the spatial coordinates:

!x → !̃x = !x/cs , (11)

and canonically normalize the field π

πc = (−2M2
PlḢcs)

1/2 π , (12)

to obtain

Sπ =

∫
dt d3x̃

√
−g




1

2

(
π̇2

c −
(∂̃iπc)2

a2

)
− 1

(
8|Ḣ|M2

Plc
5
s

)1/2
π̇c

(∂̃iπc)2

a2
− 2

3

c̃3
(
8|Ḣ|M2

Plc
5
s

)1/2
π̇3

c



 ,

(13)

where ∂̃i = ∂/∂x̃i. Notice that since we did not rescale time, the cutoff in energy can directly
read off from (13). Since the kinetic part of the Lagrangian (13) is now Lorentz invariant, it
is easy to read off the unitarity bound

Λ4 ∼ c5
s|Ḣ|M2

Pl ∼ c7
sM

4
2 . (14)

In fact with this particular redefinition of the coefficient M3 in terms of c̃3 and c2
s we can see

that for c̃3 of order one the two operators π̇3
c and π̇(∂̃iπc)2 are suppressed by the same scale

Λ2. Indeed it is straightforward to verify that loop corrections will generate the two operators
with their relative coefficient c̃3 of order one. We further notice that having a detectable
three-point function means lowering the cutoff of the theory well below (ḢM2

Pl)
1/4. Note that

in terms of the cut-off the size of the non-Gaussianity is

〈ζ3〉
〈ζ2〉3/2

∼ (
H

Λ
)2 , (15)

Let us now consider the four-point function. The unitary-gauge operators (δg00)2 and
(δg00)3 contain many quartic operators. For example:

M4
2 (∂iπ)4 . (16)

This operator induces a four-point function of the form

〈ζ4〉
〈ζ2〉2 ∼

L4

L2

∣∣∣∣
E∼H

∼ 1

c4
s

ζ2 . (17)

The four point function is usually parametrized by τNL = 〈ζ4〉/〈ζ2〉3 so that,

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ 1

c4
s

ζ2 ⇒ τNL ∼
1

c4
s

. (18)
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The four point function is usually parametrized by τNL = 〈ζ4〉/〈ζ2〉3 so that,
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where we have used (6), and we have redefined M4
3 = c̃3M4

2 /c2
s. We can perform a transfor-

mation of the spatial coordinates:

!x → !̃x = !x/cs , (11)

and canonically normalize the field π

πc = (−2M2
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to obtain
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(13)

where ∂̃i = ∂/∂x̃i. Notice that since we did not rescale time, the cutoff in energy can directly
read off from (13). Since the kinetic part of the Lagrangian (13) is now Lorentz invariant, it
is easy to read off the unitarity bound

Λ4 ∼ c5
s|Ḣ|M2

Pl ∼ c7
sM

4
2 . (14)

In fact with this particular redefinition of the coefficient M3 in terms of c̃3 and c2
s we can see

that for c̃3 of order one the two operators π̇3
c and π̇(∂̃iπc)2 are suppressed by the same scale

Λ2. Indeed it is straightforward to verify that loop corrections will generate the two operators
with their relative coefficient c̃3 of order one. We further notice that having a detectable
three-point function means lowering the cutoff of the theory well below (ḢM2

Pl)
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Let us now consider the four-point function. The unitary-gauge operators (δg00)2 and
(δg00)3 contain many quartic operators. For example:
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Could one have a large 4-pt function

Errors on the level of non-G are 
similar for 3 and 4 pt functions. 
The signal generated by these 
operators is very small. 

This value of τNL is tiny. The observational constraints errors on fNL and τNL scale as [18]

∆[fNLζ] ∼ 1

N1/2
pix

, ∆[τNLζ2] ∼ 1

N1/2
pix

, (19)

where Npix represents the number of data points of the experiment. In order for a four-point
function to be detectable, the value of τNL has to be a factor of about 105 larger than the value
of fNL allowed by the data [18]. Current limits from the WMAP satellite [9] set fNL ! 102,
which from (9) implies that c2

s " 10−2. Current limits on τNL are therefore expected to be
of the order 107, and clearly the value in (18) is a factor of 103 too small. Even a detection
of fNL at its current upper bound of order 102 the results in τNL ∼ 104 − 105 which will
not be detectable by the Planck satellite. Planck is expected to produce a limit on τNL of
order 106. In the future 21-cm line experiments that could map a large fraction of our Hubble
volume might reach fNL ∼ 10−2, τNL ∼ 103 [19]. In order to detect the four-point function
coming from these operators we will have to wait for quite some time and could only happen
if there is a detection of a large three point function 3. So far we have considered only the
quartic operator (∂iπ)4 induced by the unitary-gauge operators (δg00)2 and (δg00)3. It is
straightforward to see that the situation is the same also for the other operators associated
with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tied to the ones of the cubic operators. This
is the reason why the induced four-point function was so small. However, one could imagine
introducing the operator M4

4 (δg00)4 which starts quartic in the fluctuations and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 → M4

4

(
16π̇4 − 32π̇3(∂µπ)2 + 24π̇2(∂µπ)4 − 8π̇(∂µπ)6 + (∂µπ)8

)
, (20)

The term in π̇4 induces a four-point function whose size is given by:

〈ζ4〉
〈ζ2〉2 ∼ τNLζ2 ∼ L4
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E∼H

∼ M4
4

ḢM2
Pl

ζ2 ⇒ τNL ∼
M4

4

ḢM2
Pl

. (21)

Let us concentrate on the limit τNL ' 1 (ḢM2
Pl ' Λ4

U) as this is the only regime where the
signal is detectable. Upon canonical normalization, one can read that the unitarity bound of
the theory to be

Λ4
U ∼

(ḢM2
Pl)

2

M4
4

∼ (ḢM2
Pl)

τNL
, (22)

3If one looks carefully at the current best limits on the three-point function presented in [9], one can notice
that there is a small but non negligible region of the parameter space where values of cs as low as about
10−2 are allowed. This is due to a partial cancellation of the three-point function in that region of parameter
space, which however is not expected to happen at the level of the four-point function. This therefore implies
a value of τNL of order 108 with such an high level of non-Gaussianity that could be detectable already by the
WMAP satellite. Obviously, for this to happen we would have to be lucky enough so that inflation occured
in that particular and small region of parameter space where the three-point function is suppressed.

6

metric fluctuations 1. MZ Discuss mixing scale, I have some discrepancy with what
is quoted in EFT of inflation.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → g00 + 2g0µ∂µπ + (∂π)2. (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
= · · · , (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature as
they are usually important only in a regime where the space time is very close to de-Sitter
space [1].

We notice that when M2 is different from zero the speed of sound of the fluctuations is
different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

There are two independent cubic self interactions, π̇(∂iπ)2 and π̇3 at this order in derivatives,
which can induce detectable non-Gaussianities in the primordial density perturbations. A
small speed of sound (i.e. a large M2) forces large self interactions of the form π̇(∂iπ)2, while
the coefficient of the operator π̇3 is unfixed because of the dependence on M3. By analysis

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this is not always the case. Interesting inflation models have been recently proposed in which
the π fluctuations are protected only by an approximate discrete shift symmetry. See for example [4, 5, 6, 7, 8].
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(g00 + 1)2 contains quartic terms



This value of τNL is tiny. The observational constraints errors on fNL and τNL scale as [18]

∆[fNLζ] ∼ 1

N1/2
pix

, ∆[τNLζ2] ∼ 1

N1/2
pix

, (19)

where Npix represents the number of data points of the experiment. In order for a four-point
function to be detectable, the value of τNL has to be a factor of about 105 larger than the value
of fNL allowed by the data [18]. Current limits from the WMAP satellite [9] set fNL ! 102,
which from (9) implies that c2

s " 10−2. Current limits on τNL are therefore expected to be
of the order 107, and clearly the value in (18) is a factor of 103 too small. Even a detection
of fNL at its current upper bound of order 102 the results in τNL ∼ 104 − 105 which will
not be detectable by the Planck satellite. Planck is expected to produce a limit on τNL of
order 106. In the future 21-cm line experiments that could map a large fraction of our Hubble
volume might reach fNL ∼ 10−2, τNL ∼ 103 [19]. In order to detect the four-point function
coming from these operators we will have to wait for quite some time and could only happen
if there is a detection of a large three point function 3. So far we have considered only the
quartic operator (∂iπ)4 induced by the unitary-gauge operators (δg00)2 and (δg00)3. It is
straightforward to see that the situation is the same also for the other operators associated
with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tied to the ones of the cubic operators. This
is the reason why the induced four-point function was so small. However, one could imagine
introducing the operator M4

4 (δg00)4 which starts quartic in the fluctuations and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 → M4

4

(
16π̇4 − 32π̇3(∂µπ)2 + 24π̇2(∂µπ)4 − 8π̇(∂µπ)6 + (∂µπ)8

)
, (20)

The term in π̇4 induces a four-point function whose size is given by:

〈ζ4〉
〈ζ2〉2 ∼ τNLζ2 ∼ L4

L2
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E∼H

∼ M4
4

ḢM2
Pl

ζ2 ⇒ τNL ∼
M4
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ḢM2
Pl

. (21)

Let us concentrate on the limit τNL ' 1 (ḢM2
Pl ' Λ4

U) as this is the only regime where the
signal is detectable. Upon canonical normalization, one can read that the unitarity bound of
the theory to be

Λ4
U ∼

(ḢM2
Pl)

2

M4
4

∼ (ḢM2
Pl)

τNL
, (22)

3If one looks carefully at the current best limits on the three-point function presented in [9], one can notice
that there is a small but non negligible region of the parameter space where values of cs as low as about
10−2 are allowed. This is due to a partial cancellation of the three-point function in that region of parameter
space, which however is not expected to happen at the level of the four-point function. This therefore implies
a value of τNL of order 108 with such an high level of non-Gaussianity that could be detectable already by the
WMAP satellite. Obviously, for this to happen we would have to be lucky enough so that inflation occured
in that particular and small region of parameter space where the three-point function is suppressed.
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where Npix represents the number of data points of the experiment. In order for a four-point
function to be detectable, the value of τNL has to be a factor of about 105 larger than the value
of fNL allowed by the data [18]. Current limits from the WMAP satellite [9] set fNL ! 102,
which from (9) implies that c2

s " 10−2. Current limits on τNL are therefore expected to be
of the order 107, and clearly the value in (18) is a factor of 103 too small. Even a detection
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not be detectable by the Planck satellite. Planck is expected to produce a limit on τNL of
order 106. In the future 21-cm line experiments that could map a large fraction of our Hubble
volume might reach fNL ∼ 10−2, τNL ∼ 103 [19]. In order to detect the four-point function
coming from these operators we will have to wait for quite some time and could only happen
if there is a detection of a large three point function 3. So far we have considered only the
quartic operator (∂iπ)4 induced by the unitary-gauge operators (δg00)2 and (δg00)3. It is
straightforward to see that the situation is the same also for the other operators associated
with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tied to the ones of the cubic operators. This
is the reason why the induced four-point function was so small. However, one could imagine
introducing the operator M4

4 (δg00)4 which starts quartic in the fluctuations and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 → M4

4

(
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The term in π̇4 induces a four-point function whose size is given by:
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Let us concentrate on the limit τNL ' 1 (ḢM2
Pl ' Λ4

U) as this is the only regime where the
signal is detectable. Upon canonical normalization, one can read that the unitarity bound of
the theory to be

Λ4
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(ḢM2
Pl)
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M4
4

∼ (ḢM2
Pl)

τNL
, (22)

3If one looks carefully at the current best limits on the three-point function presented in [9], one can notice
that there is a small but non negligible region of the parameter space where values of cs as low as about
10−2 are allowed. This is due to a partial cancellation of the three-point function in that region of parameter
space, which however is not expected to happen at the level of the four-point function. This therefore implies
a value of τNL of order 108 with such an high level of non-Gaussianity that could be detectable already by the
WMAP satellite. Obviously, for this to happen we would have to be lucky enough so that inflation occured
in that particular and small region of parameter space where the three-point function is suppressed.

6

τNL ! 1 translates into the condition ḢM2
Pl ! Λ4

U , and we can rewrite τNLζ2 as

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ H4

Λ4
U

. (23)

Thus by making the cutoff closer and closer to the Hubble case we make the non-gaussianities
detectable. However, in taking this limit we should worry about the fact that we have ar-
bitrarily set to zero the operators (δg00)2 and (δg00)3 which we expect to be generated at
loop level. Let us see at what level they are generated. Let us consider two of the terms
in π included in the operators (δg00)4: π̇4 and π̇3(∂µπ)2. Upon canonical normalization, and
neglecting factors of order one, we can see that these two operators appear in the Lagrangian
as

1

Λ4
U

π̇4
c ,

1

Λ6
UτNL

π̇3
c (∂µπc)

2 . (24)

I got τ 1/2
NL . Also can we discuss the symmetry reasons for the suppression again.

Maybe the explanation needs rephrasing. For τNL ! 1, the operator π̇3
c (∂µπc)2 is effec-

tively suppressed by an higher scale than π̇4
c . The same holds even for the higher dimension

operators that are included in (δg00)4: the higher the power in π they have, the higher is
the scale by which they are suppressed. If we now ask at what level we will generate the
operators (δg00)2 and (δg00)3, we realize that, upon reinsertion of π, these operator do not
respect any symmetry π → −π: they contain even and odd powers of π. This means that in
order to generate (δg00)2 and (δg00)3, we will have to insert the operator π̇3

c (∂µπc)2, effectively
suppressing the level at which the operators (δg00)2 and (δg00)3 are generated. In other words,
in the limit τNL ! 1 there is an approximate Z2 symmetry π → −π which is softly broken,
and this protects the renormalization of the operators (δg00)2 and (δg00)3. For example, it
is easy to estimate that the loop in fig. 1 induces an operator π̇3

c suppressed by the scale
(ḢM2

Pl)
3/2. Since the structure of the Lagrangian is fixed by symmetries by returning to the

original normalization of the fields we conclude that the operators (δg00)2 and (δg00)3 are
generated with a coefficient of order ḢM2

Pl:

M4
4 (δg00)4 → ḢM2

Pl(δg
00)2 , ḢM2

Pl(δg
00)3 . (25)

This is a very interesting result. In fact, by doing the same passages as in (9), we conclude
that the induce value of fNL is just of order one, while at the same time the τNL in (21) can
be much larger than 105. Therefore, we conclude that in single field inflation we can have
a four-point function that has a level of non-Gaussianities that is much larger than the one
induced by the three-point function, and therefore can be detected even in the absence of a
detection of a three-point function. Remarkably, this large four-point function is generated
only by one operator: π̇4, and therefore there is a unique shape for it. Because it comes from
derivative interactions this shape will be peaked on configurations in momentum space where
all the momenta have comparable wavelengths.

In particular, τNL can be larger than 106, which is the approximate threshold for WMAP.
So this signal could be waiting to be discovered in existing WMAP data. The theory and
analysis of a four-point function in the CMB data is a largely unexplored area. We find that
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This value of τNL is tiny. The observational constraints errors on fNL and τNL scale as [18]
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N1/2
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, ∆[τNLζ2] ∼ 1
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, (19)

where Npix represents the number of data points of the experiment. In order for a four-point
function to be detectable, the value of τNL has to be a factor of about 105 larger than the value
of fNL allowed by the data [18]. Current limits from the WMAP satellite [9] set fNL ! 102,
which from (9) implies that c2

s " 10−2. Current limits on τNL are therefore expected to be
of the order 107, and clearly the value in (18) is a factor of 103 too small. Even a detection
of fNL at its current upper bound of order 102 the results in τNL ∼ 104 − 105 which will
not be detectable by the Planck satellite. Planck is expected to produce a limit on τNL of
order 106. In the future 21-cm line experiments that could map a large fraction of our Hubble
volume might reach fNL ∼ 10−2, τNL ∼ 103 [19]. In order to detect the four-point function
coming from these operators we will have to wait for quite some time and could only happen
if there is a detection of a large three point function 3. So far we have considered only the
quartic operator (∂iπ)4 induced by the unitary-gauge operators (δg00)2 and (δg00)3. It is
straightforward to see that the situation is the same also for the other operators associated
with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tied to the ones of the cubic operators. This
is the reason why the induced four-point function was so small. However, one could imagine
introducing the operator M4

4 (δg00)4 which starts quartic in the fluctuations and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 → M4

4

(
16π̇4 − 32π̇3(∂µπ)2 + 24π̇2(∂µπ)4 − 8π̇(∂µπ)6 + (∂µπ)8

)
, (20)

The term in π̇4 induces a four-point function whose size is given by:
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Let us concentrate on the limit τNL ' 1 (ḢM2
Pl ' Λ4

U) as this is the only regime where the
signal is detectable. Upon canonical normalization, one can read that the unitarity bound of
the theory to be

Λ4
U ∼

(ḢM2
Pl)

2

M4
4

∼ (ḢM2
Pl)

τNL
, (22)

3If one looks carefully at the current best limits on the three-point function presented in [9], one can notice
that there is a small but non negligible region of the parameter space where values of cs as low as about
10−2 are allowed. This is due to a partial cancellation of the three-point function in that region of parameter
space, which however is not expected to happen at the level of the four-point function. This therefore implies
a value of τNL of order 108 with such an high level of non-Gaussianity that could be detectable already by the
WMAP satellite. Obviously, for this to happen we would have to be lucky enough so that inflation occured
in that particular and small region of parameter space where the three-point function is suppressed.

6

Could one have a large 4-pt function

What about starting with an operator that does not have a cubic interaction? 
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Could one have an observable 4-pt function without a much 
larger 3-pt?

Could one have a (g00+1)4 terms without (g00+1)2 and (g00+1)3 ones? 
them. So far we have considered only the quartic operator (∂iπ)4 induced by the unitary-
gauge operators (δg00)2 and (δg00)3. It is straightforward to see that the situation is the same
also for the other operators associated with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tight to the ones of the cubic operators. This
was the reason why the induced four-point function was so small. However, one could imagine
to introduce the operator M4

4 (δg00)4, which starts quartic in the fluctuations, and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 →M4

4

(
16π̇4 − 32π̇3(∂µπ)2 + 24π̇2(∂µπ)4 − 8π̇(∂µπ)6 + (∂µπ)8

)
, (16)

The term in π̇4 induces a four-point fucnction whose size is given by:

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ M4
4

ḢM2
Pl

ζ2 ⇒ τNL ∼
M4

4

ḢM2
Pl

. (17)

Let us concentrate on the limit τNL % 1 (ḢM2
Pl % Λ4

U) as this is the only regime we can
hope to detect. Upon canonical normalization, one can read that the unitarity bound of the
theory to be

Λ4
U ∼

(ḢM2
Pl)

2

M4
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∼ (ḢM2
Pl)

τNL
, (18)

τNL % 1 translates into the condition ḢM2
Pl % Λ4

U , and we can rewrite τNLζ2 as
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E∼H
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U

. (19)

This tells us that by making the cutoff closer and closer to the Hubble case, we can make the
induced τNL as large as 1010. However, in taking this limit, we should worry about the fact
that we have arbitrarily set to zero the operators (δg00)2 and (δg00)3, which we expect to be
generated at some level. Let us see at what level they are indeed generated. Let us consider
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U
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1

Λ6
UτNL

π̇3
c (∂µπc)

2 . (20)

For τNL ! 1, the operator π̇3
c (∂µπc)2 is effectively suppressed by an higher scale than π̇4

c . The
same holds even for the higher dimension operators that are included in (δg00)4: the higher
the power in π they have, the higher is the scale by which they are suppressed. If we now
ask at what level we will generate the operators (δg00)2 and (δg00)3, we realize that, upon
reinsertion of π, these operator do not respect any symmetry π → −π: they contain even and
odd powers of π. This means that in order to generate (δg00)2 and (δg00)3, we will have to
insert the operator π̇3

c (∂µπc)2, effectively suppressing the level at which the operators (δg00)2

and (δg00)3 are generated. In other words, in the limit τNL ! 1 there is an approximate
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Z2 symmetry π → −π which is softly broken, and this protects the renormalization of the
operators (δg00)2 and (δg00)3. For example, it is easy to estimate that the loop in fig. 1 induces
an operator π̇3

c suppressed by the scale (ḢM2
Pl)

3/2. Since the structure of the Lagrangian is
fixed by symetries, we conclude that, by un-canonically normalize the fields, the operators
(δg00)2 and (δg00)3 are generated with a coefficient of order ḢM2

Pl:

M4
4 (δg00)4 → ḢM2

Pl(δg
00)2 , ḢM2

Pl(δg
00)3 . (21)

We find this to be a very interesting result. In fact, by doing the same passages as in (7),
we conclude that the induce value of fNL is just of order one, while at the same time the
τNL in (17) can be much larger than 105. Therefore, we conclude that in single field inflation
we can have a four-point function that has a level of non-Gaussianities that is much larger
than the one induced by the three-point function, and therefore can be detected even in the
absence of a detection of a three-point function. Remarkably, this large four-point function
is generated only by one operator: π̇4, and therefore there is a unique shape for it. Coming
from derivative interactions, this shape will be peaked on configurations in momentum space
where all the momenta have comparable wavelengths.

The theory and and the actual analysis of a four-point function in the CMB data is a
largely unexplored area. We find that this result strongly motivates such a study, that we
will undertake in a series of separate papers [20].

Of course, in order to have a large four-point function, it is not necessary that the operators
(δg00)2 and (δg00)3 are exactly set to zero. It is quite straightforward to see that in the case
of speed of sound different from one, the condition reads

M4
4 ! (ḢM2

Pl)
3/2

H2c7/2
2

. (22)

Passing to the models that are very close to de Sitter space, even in this case the operator
π̇4 can give a four-point function larger that the three-point function if the coefficient M is
large enough. In the case where the dispertion relation is of the form ω = c2k, the condition
reads:

M4
4 ! M4

2

H2c1/2
2

, (23)

where for simplicity we have assumed the dispertion relation to be linear in k up to the cutoff.
In the case in which the dispertion relation is of the form ω = γ2k2/M2, the condition for
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Although an arbitrary function of five continuous variable only one possibly large shape from 
single clock models, created by the interaction 
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Searching for the signal

The best data set is the one with the largest number of high signal to 
noise measurements (pixels, Fourier modes). Constraints go as

WMAP and future all sky CMB experiments are the most 
promising. 

Surveys of hydrogen at high redshift using its 21 cm line could 
potentially do better.  



 The basics of CMB Anisotropies

All 3 effects have the same origin

14 Gpc



Analysis

Computationally very difficult unless F is factorizable: 

Optimal weight Three point 
function

Amplitude of 
primordial fluctuations

Primordial 3 point 
function



with

∆Φ =
9

25

H2

4 ε cs M2
Pl

, (18)

and ε = −Ḣ/H2. We have also defined

K1 = k1 + k2 + k3 , (19)

K2 = (k1k2 + k2k3 + k3k1)
1/2 ,

K3 = (k1k2k3)
1/3 .

We can use the standard definition of fNL

F (k, k, k) = fNL · 6∆2
Φ

k6
, (20)

to define

f π̇(∂iπ)2

NL =
85

324

(
1− 1

c2
s

)
, (21)

f π̇3

NL =
10

243

(
1− 1

c2
s

) (
c̃3 +

3

2
c2
s

)
,

and to write

Fπ̇(∂iπ)2(k1, k2, k3) = −27

17
f π̇(∂iπ)2

NL ∆2
Φ (22)

×(24K3
6 − 8K2

2K3
3K1 − 8K2

4K1
2 + 22K3

3K1
3 − 6K2

2K1
4 + 2K1

6)

K3
9K1

3
,

Fπ̇3(k1, k2, k3) = 162 f π̇3

NL∆2
Φ · 1

K3
3K1

3
.

Notice that, quite remarkably, if we wish to have a speed of sound smaller than one (a

necessary condition for the existence of a Lorentz invariant UV completion [27]), we need to

have f π̇(∂iπ)2

NL < 0. Even more importantly, the size and the shape of the three-point function is

controlled by two parameters: the speed of sound cs and the parameter c̃3, and the resulting

non-Gaussian signal is a linear combination of two independent shapes. This means that

if we fix the size of the overall non-Gaussianity there is a one-parameter family of shapes

associated to the same amount of signal. In particular, for c̃3 of O(1), a necessary condition

for the 3-point function to be large is that the speed of sound is small 6. Given the current

experimental sensitivity, we can therefore concentrate on this limit. As we let c̃3 vary keeping

cs fixed the size and the shape of the produced non-Gaussianity change. Concentrating on the

shape, for very large or very small values of c̃3 the non-Gaussianity is dominated by one of the

two operators, which both have a shape quite close to the so called equilateral kind. In that

case the signal is concentrated on equilateral triangular configurations of the sort shown in

the top-left panel of Fig. 1. However the two shapes are not identical which implies that there

6Another possibility is to be very close to the de Sitter limit. We will comment on this later.
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is a region at intermediate values of c̃3 where the shape of the resulting three-point function is

completely different, being peaked on flat triangles where the size of the two lowest momenta

is precisely half of the highest one. This can be seen in Fig. 1 where we show the shape of the

non gaussianity for several values of the parameter c̃3. More quantitatively, in Fig. 2 we show

the cosine between the generic shape F generated by single-field inflation (far from the near-

de-Sitter limit) with Fπ̇(∂iπ)2 as we let c̃3 vary. The cosine between two shapes was defined

in [3], and it represents a quantitative measure of the similarity and the correlation of the

signals. Given two shapes F(1)(k1, k2, k3) and F(2)(k1, k2, k3), one first defines a 3-dimensional

scalar product between the shapes as:

F(1) · F(2) =
∑

kphysical
i

F(1)(k1, k2, k3)F(2)(k1, k2, k3)/ (Pk1Pk2Pk3) , (23)

where P (k) represents the power spectrum and kphysical
i means that only the !k’s that form a

triangle are included. The 3D cosine between two shapes is then defined as

cos(F(1), F(2)) =
F(1) · F(2)

(F(1) · F(1))1/2(F(2) · F(2))1/2
. (24)

From Fig. 2, we see that the cosine is very small around c̃3 ! −5 for a region of approximately

∼ 10− 20% of the parameter space. Here, somewhat arbitrarily, we consider that the natural

parameter range for c̃3 is between -10 and 10, and that the region where the cosine is small is

defined as the region where this is smaller than 0.7. We realize that this is approximately the

relevant number once we plot the scalar product of the shape with the local shape produced

by multifield models [7, 8] and by the new ekpyrotic universe [9]. This shape is plotted

in Fig. 3. Although the shapes are clearly very different, we see that the cosine with the

equilateral shape (c̃3 ! 0) is approximately 0.4. In summary for roughly 10-20% of the

natural parameter space for the non-Gaussianities in single-field inflation the shape is very

different from the equilateral one.

We find that the cosine with the local shape is also very small in the same region (c̃3 ! −5)

where the shape is different from equilateral. As a result both the analysis of f loc.
NL and f equil.

NL

that have been carried on so far, have been largely insensitive to this region of parameter space

and therefore there could be an undetected large signal in those triangular configurations.

Notice also that in Fig. 1 the shape for which the scalar product in (23) is exactly orthogonal

to the equilateral shape is peaked on both equilateral and on flat triangles, with opposite sign.

This ensures that in the scalar product with the equilateral shape, there is a cancellation and

the result is zero. Though the region where the shape of the non-Gaussianity is very different

from the equilateral one is not large, being due to a partial cancellation of the two shapes

Fπ̇(∂iπ)2 and Fπ̇3 , we consider it to be still an O(1) fraction of the parameter space which

deserves to be explored.

One general characteristic of the shape of non-Gaussianities generated by a single-field

inflation is that unless a large deviation from scale invariance is detected in the power spectrum

the signal is always small in the squeezed triangle limit, where the lowest of the k’s is much

9
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Figure 1: The shape of single-field inflation. Top Left: Fπ̇(∂iπ)2 (corresponding to c̃3 = 0), which is
very similar to the template Equilateral shape. Top Right: Orthogonal shape: c̃3 = −5.4. The cosine
of this shape with the equilateral shape is approximately zero. Bottom Left: Flat shape: c̃3 = −6.
This shape is peaked on flat triangles where the two smallest k’s are equal to half the larger one,
instead of on equilateral triangles. Bottom Right: Fπ̇3 , which correponds to the case |c̃3| " 1: the
contribution on flat triangles is clearly larger than in the case of Fπ̇(∂iπ)2 .

Figure 2: Left: Cosine of single-field shape with the equilateral shape as we vary c̃3 with cs # 1, the
regime in which it is independent of cs. The two horizontal lines represent when the scalar product
is equal to ±0.7, to give a rough measure of when the cosine becomes small. Right: Cosine with the
local shape.
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Current constraints on single clock models

Smith, Senatore, MZ  0905.3746

From WMAP 5 yr data release

−125 ≤ f equil
NL ≤ 435 95% CL

−369 ≤ forthog
NL ≤ 71 95% CL
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and to write
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,
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Notice that, quite remarkably, if we wish to have a speed of sound smaller than one (a

necessary condition for the existence of a Lorentz invariant UV completion [27]), we need to

have f π̇(∂iπ)2

NL < 0. Even more importantly, the size and the shape of the three-point function is

controlled by two parameters: the speed of sound cs and the parameter c̃3, and the resulting

non-Gaussian signal is a linear combination of two independent shapes. This means that

if we fix the size of the overall non-Gaussianity there is a one-parameter family of shapes

associated to the same amount of signal. In particular, for c̃3 of O(1), a necessary condition

for the 3-point function to be large is that the speed of sound is small 6. Given the current

experimental sensitivity, we can therefore concentrate on this limit. As we let c̃3 vary keeping

cs fixed the size and the shape of the produced non-Gaussianity change. Concentrating on the

shape, for very large or very small values of c̃3 the non-Gaussianity is dominated by one of the

two operators, which both have a shape quite close to the so called equilateral kind. In that

case the signal is concentrated on equilateral triangular configurations of the sort shown in

the top-left panel of Fig. 1. However the two shapes are not identical which implies that there

6Another possibility is to be very close to the de Sitter limit. We will comment on this later.
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while the one due to π̇3 is given by

Λ4
π̇3 ∼ Λ4

π̇(∂iπ)2 · 1

(c2
s + 2c̃3/3)2 , (12)

which are indeed of the same order for c̃3 of order one. It is also easy to estimate that if c̃3

is order one, loop corrections renormalize the coefficients of the two operators only at order

one level. This means that c̃3 of order one, and a small speed of sound cs, are technically

natural 4.

The three point function of the Newtonian potential Φ has the usual form

〈Φ#k1
Φ#k2

Φ#k3
〉 = (2π)3δ(3)(

∑

i

#ki)F (k1, k2, k3) . (13)

Here

Φ =
3

5
ζ , (14)

where ζ is the curvature perturbation of comoving slices. This relationship is valid, at first

order, out of the horizon, during matter domination. The δ−function comes from transla-

tion invariance and it tells us that the 3-point function is a function of closed triangles in

momentum space. For single-field inflation, F can be read off from:

〈Φ#k1
Φ#k2

Φ#k3
〉 = −

(
3

5

)3

H3〈π#k1
π#k2

π#k3
〉 = (2π)3δ(3)(

∑

i

#ki)
(
Fπ̇(∂iπ)2(k1, k2, k3) + Fπ̇3(k1, k2, k3)

)

(15)

where Fπ̇(∂iπ)2 is the shape generated by the operator π̇(∂iπ)2, and Fπ̇3 is instead the one

generated by the operator π̇3. In the limit in which we are far enough from de Sitter (in the

sense of the inequality (10)), and in which we consider an approximate shift symmetry for

the Goldstone boson, the resulting form of the non-Gaussianity is given by [11] 5:

Fπ̇(∂iπ)2(k1, k2, k3) = − 5

12

(
1− 1

c2
s

)
· ∆2

Φ (16)

×(24K3
6 − 8K2

2K3
3K1 − 8K2

4K1
2 + 22K3

3K1
3 − 6K2

2K1
4 + 2K1

6)

K3
9K1

3
,

Fπ̇3(k1, k2, k3) =
20

3

(
1− 1

c2
s

)
(c̃3 +

3

2
c2
s) · ∆2

Φ · 1

K3
3K1

3
.

Here we have used that

〈Φ(#k1)Φ(#k2)〉 = (2π)3δ(3)(#k1 + #k2)
∆Φ

k3
, (17)

4This discussion has assumed that the operator proportional to (d2 + d3) is negligible up the cutoff. This
is the case only if (d2 + d3) ! cs. When this inequality is violated, (d2 + d3) must be positive and, as we will
later explain more in detail, the natural value of c̃3 gets scaled down by a factor of order c1/4

s /(d2 + d3)1/4,
which is clearly a negligible correction for (d2 + d3) of order one and for the values of cs that are currently
allowed by the data.

5In a different and somewhat less general formalism, this expression was obtained also in [26], where it
was already pointed out that the models considered in [26] admitted two independent shapes for the non-
Gaussianities.
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One cannot put a bound on cs if only 
one shape is measured. 



Current constraints on the local shape

−4 ≤ f local
NL ≤ 80 95% CL

Smith, Senatore & MZ 0901.2572

Our error bars are roughly 40% smaller than previous analysis. 

We outperform the previous analysis on both the large and small scales. 

Our results are robust to doing different cuts on the data (3 yr vs 5yr, 
details of the mask, range of l used). All the differences we see are 
consistent with being statistical. 

We see no evidence of foreground contamination and we are robust to the 
procedure used to subtract point sources. 



Panel (c) of figure 1 compares the effect of changing the mask when analyzing clean maps.

Panel (d) of figure 1 compares the effect of changing the mask when analyzing raw maps.
Both sets of results are from [10]. The first thing to note is that the choice of mask makes

a difference, shifting for example the range from −4 < f local
NL < 100 for raw maps with Kp0

to −17 < f local
NL < 103 for raw maps with KQ75. Notice that the 95 % range increased by

15%, much more than the expected 3.5% increase that results from a
√

fsky scaling of the

error bars. Using cleaned vs raw maps had a more dramatic effect on the mean value of f local
NL .

In the case of the Kp0 mask, the range changed from −4 < f local
NL < 100 for raw maps to

9 < f local
NL < 113 which exceeds zero at 95% CL. The excess is not signficant at 95% CL in

the cleaned maps masked with KQ75 (−5 < f local
NL < 115). Note that the increase in the error

bars as one moves from Kp0 to KQ75 is in large part responsible for the decreased statistical
significance of the excess. This increase of the error bars is directly related to the lack of
optimality of the old algorithm, so the situation is not fully satisfactory.

Figure 1: Current constraints on f local
NL . Errors in this figure and throughout the paper are 2-σ.

Panel (a) best results from WMAP 5 years from the WMAP team [10] and WMAP 3 years

from Yadav & Wandelt [11] together with the large scale structure results from Slosar et al
[15] and the results from this paper using our optimal method (OPT). Panel (b) comparison
of [10] and [11] for the same choice of analysis parameters (lmax = 500, raw maps and the Kp0

mask). Panels (c) and (d) show the effect of the mask for cleaned and raw maps respectively
(from [10]).

In summary, there was a large shift between the 5 and 3 year results of [10] and [11].
Furthermore even within 5 year results masked with KQ75 foregrounds are still somewhat

of an issue in that they change the results when comparing raw and cleaned maps. Thus to

3



correctly asses the significance of a non-gaussianity detection it would be preferable not just

to use clean maps but to be more conservative and marginalize over foregrounds including
the uncertainty in the foreground cleaning procedure into the final error bars. Finally the

analysis method seems too sensitive to the choice of mask and that sensitivity accounts for
part of the decrease in the significance.

Given the importance of a detection of local non-Gaussinity it is imperative to improve

the situation. We will do so by analyzing the data using the optimal estimator found in [13],
with the implementation developed in [14], and by improving the treatment of foregrounds.

Using the standard estimator results in error bars that are 40% larger than those obtained
here. Our best estimate is −4 < f local

NL < 80 at 95% CL.

There is another probe of non-gaussianity that can compete with the CMB in terms of
statistical power, the measurement of the scale dependence of the bias of large scale structure
tracers [12]. The first result obtained using this technique −29 < f local

NL < 70 is consistent

with gaussianity (panel (a) of figure 1) and has error similar to those obtained with the CMB
[15]. It may be early days for this new probe, but current results at least disfavor a large

f local
NL .

If we combine the optimal WMAP5 result from this paper with the SDSS result from [15],
we get −1 < f local

NL < 63 at 95% CL. Constraints on f local
NL from other datasets currently have

negligible statistical weight in comparison to WMAP5+SDSS, so this last result combines
essentially all the data to date.

In section 2 we will summarize our methods, in section 3 we present our results, in sections
4 and 5 we describe tests of the robustness of our results and we conclude in 6. We leave

some technical details to the appendix.

2 Summary of analysis methods

2.1 Optimal analysis

The optimal (i.e. minimum-variance) estimator for an arbitrary bispectrum B!1!2!3 was con-

structed in [13, 16], building on previous work in [17], and shown to contain both cubic and
linear terms:

Ê =
1

N
B!1!2!3

(
!1 !2 !3

m1 m2 m3

) [
(C−1â)!1m1

(C−1â)!2m2
(C−1â)!3m3

− 3C−1
!1m1,!2m2

(C−1â)!3m3

]

(1)
where N is a constant which normalizes the estimator to have unit response to B!1!2!3 . Here,

â!m is assumed to be a noisy measurement of the CMB with signal + noise covariance C =
(S + N). The C−1 filter appearing in Eq. (1) optimally weights the data in the presence of

complications such as multiple data channels (with different beams), inhomogeneous noise,
the sky cut, or modes of the data which we want to marginalize such as the monopole and

4





Could one extract more information using other statistics?

Kogo & Komatsu, Hu & Okamoto

4 Point function
Other statistics have been 
suggested such as Minkowski 
functionals, various wavelets, 
etc. It has also been suggested 
that higher order terms in the 
expansion can be detected. 

One can compute the full likelihood for fnl and calculate the best constraints that can be 
obtained by any statistic, the Cramer-Rao bound. Basically all the information is contained in 
the three point function. 

Creminelli, Senatore and MZ



that the most generic Lagrangian can be written as

S =

∫
d4x

√
−g

[1

2
M2

PlR − c(t)g00 − Λ(t) +
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−
M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 −

M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (5)

where the dots stand for terms which are of higher order in the fluctuations or with more derivatives.

We denote by δKµν the variation of the extrinsic curvature of constant time surfaces with respect to

the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν is the induced spatial metric. Notice that

only the first three terms in the action above contain linear perturbations around the chosen FRW

solution, all the others are explicitly quadratic or higher. Therefore the coefficients c(t) and Λ(t)

will be fixed by the requirement of having a given FRW evolution H(t), i.e. requiring that tadpole

terms cancel around this solution. Before fixing these coefficients, it is important to realize that

this simplification is not trivial. One would expect that there are an infinite number of operators

which give a contribution at first order around the background solution. However one can write

the action as a polynomial of linear terms like δKµν and g00 + 1, so that it is evident whether an

operator starts at linear, quadratic or higher order. All the linear terms besides the ones in eq. (5)

will contain derivatives and they can be integrated by parts to give a combination of the three linear

terms we considered plus covariant terms of higher order. This construction is explicitly carried out

in appendix B. We conclude that the unperturbed history fixes c(t) and Λ(t), while the difference

among different models will be encoded into higher order terms.

We can now fix the linear terms imposing that a given FRW evolution is a solution. As we

discussed, the terms proportional to c and Λ are the only ones that give a stress energy tensor

Tµν = −
2√
−g

δSmatter

δgµν
(6)

which does not vanish at zeroth order in the perturbations and therefore contributes to the right

hand side of the Einstein equations. During inflation we are mostly interested in a flat FRW Universe

(see Appendix B for the general case)

ds2 = −dt2 + a2(t)d"x2 (7)

so that Friedmann equations are given by

H2 =
1

3M2
Pl

[
c(t) + Λ(t)

]
(8)

ä

a
= Ḣ + H2 = −

1

3M2
Pl

[
2c(t) − Λ(t)

]
. (9)

Solving for c and Λ we can rewrite the action (5) as

S =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 − M2

Pl(3H
2 + Ḣ) +

1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−
M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 −

M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
. (10)

As we said all the coefficients of the operators in the action above may have a generic time depen-

dence. However we are interested in solutions whereH and Ḣ do not vary significantly in one Hubble
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Construction of the Action

Exercises:

1. Show that the various terms are 
invariant under time dependent spatial 
changes in coordinates
2. Vary the action with respect to the 
metric to obtain background 
equations. Plug solution back into the 
action for the fluctuations. Convince 
yourself that the action starts 
quadratic. 



Connection to scalar field examples

time. Therefore it is natural to assume that the same holds for all the other operators. With this

assumption the Lagrangian is approximately time translation invariant 2. Therefore the time depen-

dence generated by loop effects will be suppressed by a small breaking parameter 3. This assumption

is particularly convenient since the rapid time dependence of the coefficients can win against the fric-

tion created by the exponential expansion, so that inflation may cease to be a dynamical attractor,

which is necessary to solve the homogeneity problem of standard FRW cosmology.

It is important to stress that this approach does describe the most generic Lagrangian not only

for the scalar mode, but also for gravity. High energy effects will be encoded for example in operators

containing the perturbations in the Riemann tensor δRµνρσ. As these corrections are of higher order

in derivatives, we will not explicitly talk about them below.

Let us give some examples of how to write simple models of inflation in this language. A model

with minimal kinetic term and a slow-roll potential V (φ) can be written in unitary gauge as

∫
d4x

√
−g

[
−

1

2
(∂φ)2 − V (φ)

]
→

∫
d4x

√
−g

[

−
φ̇0(t)2

2
g00 − V (φ0(t))

]

. (11)

As the Friedmann equations give φ̇0(t)2 = −2M2
P Ḣ and V (φ(t)) = M2

Pl(3H
2 + Ḣ) we see that the

action is of the form (10) with all but the first three terms set to zero. Clearly this cannot be true

exactly as all the other terms will be generated by loop corrections: they encode all the possible

effects of high energy physics on this simple slow-roll model of inflation.

A more general case includes all the possible Lagrangians with at most one derivative acting on

each φ: L = P (X,φ), with X = gµν∂µφ∂νφ. Around an unperturbed solution φ0(t) we have

S =

∫
d4x

√
−g P (φ̇0(t)

2g00,φ(t)) (12)

which is clearly of the form above with M4
n(t) = φ̇0(t)2n∂nP/∂Xn evaluated at φ0(t). Terms con-

taining the extrinsic curvature contain more than one derivative acting on a single scalar and will

be crucial in the limit of exact de Sitter, Ḣ → 0.

3 Action for the Goldstone Boson

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton helicities and

a scalar mode. This mode will become explicit after one performs a broken time diffeomorphism

(Stückelberg trick) as the Goldstone boson which non-linearly realizes this symmetry. In analogy

with the equivalence theorem for the longitudinal components of a massive gauge boson [9], we expect

2The limit in which the time shift is an exact symmetry must be taken with care because Ḣ → 0. This
implies that the spatial kinetic term for the Goldstone vanishes, as we will see in the discussion of Ghost
Inflation.
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Simple Examples:

K-Inflation



Introducing the π:  An analogy L = |Dµφ|2 − V (|φ|)− 1
4
FµνFµν

φ→ eiθ(x)φ

Dµφ = ∂µφ + iqAµφ

Aµ → Aµ −
1
q
∂µθ

φ = ρeiα/a

a radius of the minimum

reparametrize φ

What is the Lagrangian for the fluctuations?

Call M the curvature in the radial direction.



L =
1
2
(∂ρ)2 − 1

2
M2ρ2 − 1

4
F 2 − q2a2AµAµ +

1
2
(∂α)2 +

1
2
aq∂µαAµ

Massive radial 
excitations

Vector modes Goldstone Boson

φ→ eiθ(x)φ

φ = ρeiα/a

Can always choose gauge where     is 0. At low energies massive vector 
that has three polarization.  

α
m2

A = q2a2

However at energies above the mass of the vector the mixing terms are 
unimportant so talking about the Goldstone is useful. 

α→ π
Emix = mA →

√
εH

The gauge symmetry of the example is equivalent to 
the freedom in GR to change the time coordinate. 
The gauge where there is no Goldstone (the Unitary 
gauge) is equivalent to the gauge where there is no
π



||!φ|| = 1

φ = (π1, π2, · · · , σ) σ =
√

1− π2
1 − π2

2 − · · ·

||∂"φ||2 → (∂π1)2 + (∂π2)2 + · · · +
("π · ∂"π)2

1− π2
1 − π2

2 − · · ·

mA < E <
mA

q

The Goldstones interact but there is a range 
of energies for which they are both weakly 
coupled and are decoupled from the rest. 
In Inflation because H falls exactly in this 
range, the description with the Goldstones is 
quite simple. 



1 Introduction

There are two kind of multifield inflation: the ones with other light fields, and the ones with
a gas of particles.

2 Effective Field Theory of Single Clock Inflation

In this section we briefly review the effective action for single clock inflation. This effective
action was developed in [1, 2] and we refer the reader to those papers for a detailed explanation.
The construction of the effective theory is based on the following consideration. In a quasi
de Sitter background with only one relevant degree of freedom, there is a privileged spatial
slicing, given by the physical clock which allows us to smoothly connect to a decelerated
hot Big Bang evolution. The slicing is usually realized by a time evolving scalar φ(t). To
describe perturbations around this solution one can choose a gauge where the privileged slicing
coincides with surfaces of constant t, i.e. δφ(#x, t) = 0. In this ‘unitary’ gauge there are no
explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms have
been fixed and are not a gauge symmetry anymore, the graviton now describes three degrees
of freedom: the scalar perturbation has been eaten by the metric. One therefore can build
the most generic effective action with operators that are functions of the metric fluctuations
and that are invariant under the linearly-realized time-dependent spatial diffeomorphisms. As
usual with effective field theories, this can be done in a low energy expansion in fluctuations
of the fields and derivatives. We obtain the following Lagrangian [1, 2]:

SE.H. + S.F. =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 −M2

Pl(3H
2 + Ḣ) +

+
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 − M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (1)

where we denote by δKµν the variation of the extrinsic curvature of constant time surfaces
with respect to the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν being the induced
spatial metric, and where M2,3 and M̄1,2,3 represent some time-dependent mass scales.

Let us comment briefly on (1). The first term is the Eistein-Hilbert term. Together with
the second and third term, these are the only three terms starting linearly in the metric
fluctuations. The coefficients have been carefully chosen to ensure that in the combination of
these three terms the linear terms in the fluctuations cancel, and the action start quadratic in
the fluctuations. The terms in the second line start quadratic in the fluctuations and there are
no derivatives acting on the metric fluctuations, while the terms in third line represent higher
derivative terms. Dots represent operators that start at higher order in the perturbations or
in derivatives. In [1] it is proven that this action for single field inflation is the most general
one and it is indeed unique.

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton he-
licities and a scalar mode. This mode will become explicit after one performs a broken time

2

Gravitational waves

The action for gravitational wave perturbations in unchanged by the additional terms.
Each polarization of the gravity waves, once properly normalized, has the same quadratic 
action as a massless scalar field so it will have fluctuations.  

hµν ∼
H

MPL
MPLhµν → φ



The energy scale of inflation: gravitational 
waves

Inflation predicts the presence of a stochastic 
Background of Gravitational Waves

Comparable to density 
perturbationsIf

Directly measure the expansion rate during Inflation.
This measurement has taken a greater significance now that it 
appears that GW might not be observable in “string-inflation”.



Current constraints from WMAP 5 yrs

 r is ratio of contributions on  
large scales  

Current constraints come from fitting 
the shape of the temperature power 
spectrum. 

CMB probes a narrow 
range of energy scales

function[H, Ḣ]

function[Ḣ, Ḧ]



be plugged back into eq. (2.22). This yields the equation of motion of π taking into account its

gravitational back-reaction,

π̈ +
M̄2

4M4
∇4π = −

M̄2

2M2
Pl

∇2π . (2.26)

Mixing with gravity induces an unstable k2 term in the dispersion relation, similarly to the gradient

instability discussed above. We can compute again the fastest instability rate,

ω2
Jeans # −

(

M̄M2

M2
Pl

)2

. (2.27)

As expected, in this case the instability gets worse for large M̄2, i.e., when the mixing with gravity

is enhanced. By imposing that this instability rate is smaller than the Hubble rate4 we obtain

M̄M2

M2
Pl

! H . (2.28)

Requiring that both stability conditions (2.20) and (2.28) are satisfied we get the window [1]

−(1 + wQ)ΩQ !
M̄M2

HM2
Pl

! 1 . (2.29)

In conclusion, considering higher derivative terms, a quintessence model with wQ ≤ −1 can be

completely stable inside the window of parameters (2.29). On the other hand, eq. (2.29) indicates

that it is difficult to avoid instabilities when (1 + wQ)ΩQ % −1. These stability constraints were

already obtained, for ΩQ = 1, in [1].

3 Phenomenology on the quintessential plane

3.1 k-essence vs. Ghost Condensate

Coming back to the quintessential plane of figure 1, in the previous section we have learned an

important lesson: the gradient instabilities for wQ < −1 can be made harmless by higher derivative

operators. Thus, part of the lower left quadrant of the quintessential plane is allowed.

To discuss the phenomenology of these models (for a related discussion see [23]) let us write the

full action for perturbations including the higher derivative operator (2.16):

S =

∫

d4xa3

[

1

2

(

ρQ + pQ + 4M4
)

π̇2 −
1

2
(ρQ + pQ)

(∇π)2

a2
+

3

2
Ḣ(ρQ + pQ)π2 −

1

2
(ρQ + pQ)ḣπ

−
M̄2

2

(

3Hπ̇ − 3Ḣπ +
ḣ

2
−

∇2π

a2

)2 ]

. (3.1)

For k % M , M̄2∇2π̇ % M4π̇. Moreover, eq. (2.23) shows that also the ḧ terms can be neglected in front of

M4π̇, so that the operator proportional to M̄2 gives a negligible contribution to the stress-energy tensor.
4A more careful analysis [22] indicates that this condition is very conservative and much larger instability

rates can be experimentally allowed.
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Figure 2: On the quintessential plane, we show the theoretical constraints on the equation of state

and speed of sound of quintessence, in the presence of the operator M̄ . Instability regions are dashed.

Where 1 + wQ and c2
s have opposite sign we have a ghost-like instability corresponding to negative

kinetic energy. For wQ < −1, the dashed regions in the left-lower panel is unstable by gradient

(c2
s ! −HM̄/M2) and Jeans ((1 + wQ)ΩQ ! −1) instabilities, while the strip close to the vertical

axis corresponds to the stability window (2.29). Furthermore, the strip around the horizontal axis

given in eq. (3.4) corresponds to the Ghost Condensate. Above this region, in the right-upper panel,

we find standard k-essence.

On the other hand, for any value of wQ which is appreciably different from the one of the

cosmological constant, the model reduces to k-essence as higher derivative terms are cosmologically

irrelevant. Their only role is to stabilize the short scale gradient instabilities for wQ < −1. Although

in practice not relevant, note however that wQ cannot be made arbitrarily negative. This is shown

by eq. (2.29) and, in the quintessential plane, it excludes the bottom shaded region of the lower-left

quadrant.

Let us now constrain the values of the speed of sound c2
s. For wQ > −1 there are no constraints,

besides the possible limit c2
s ≤ 1 already discussed. For wQ < −1 the speed of sound is negative and

12

very small, as it is constrained by the absence of gradient instability, eq. (2.20),

−c2
s " −

ρQ + pQ

4M4
!

HM̄

M2
. (3.6)

We can numerically constrain the right-hand side of this equation by considering that the scales

M ∼ M̄ represent the cutoff of our effective field theory. By requiring this cutoff to be larger than

the minimum scale at which gravity has been proved, i.e., M " 10−3eV, and using in eq. (3.6) the

value of the Hubble parameter today, H0 ∼ (10−3eV)2/MPl, we obtain

−c2
s !

(

H0

MPl

)1/2

∼ 10−30 . (3.7)

Thus, for all practical purposes the speed of sound can be taken to be exactly zero. On the quintessen-

tial plane in figure 2, in the lower-left quadrant, we can only live in a tiny strip along the vertical

axis. Notice however that there is no fine tuning in keeping c2
s extremely small. Indeed, as we

discussed, in the limit of Ghost Condensate c2
s vanishes exactly for symmetry reasons. Thus, the

speed of sound remains small for tiny deviations from this limit.

3.2 Including dark matter

After the discussion about the stability constraints, we would like to understand the dynamics of

quintessence perturbations and their impact on cosmological observations. In order to do this,

we will now study quintessence in the presence of cold dark matter, which gravitationally sources

quintessence perturbations. A thorough analysis of the phenomenology of these models is beyond

the scope of this paper. Here we want to focus on the main qualitative features in the various limits.

Let us start from the Ghost Condensate limit (3.3). It is known that the Ghost Condensate

affects only short scales, i.e., π perturbations induce a modification of the Newtonian potential at

scales parametrically smaller than the Hubble scale [4]. Therefore, we expect to have extremely

small effects on cosmological scales. To verify that this is the case, we can study the action (3.1) in

the limit of ρQ + pQ = 0. This reads

S =

∫

d4xa3

[

2M4π̇2 −
M̄2

2

(

3Hπ̇ − 3Ḣπ +
ḣ

2
−

∇2π

a2

)2 ]

. (3.8)

For simplicity, let us momentarily disregard the first two terms in parentheses,

S =

∫

d4xa3

[

2M4π̇2 −
M̄2

2

(

ḣ

2
−

∇2π

a2

)2 ]

. (3.9)

Notice that this is the action used in the Ghost Condensate paper [4]. The equation of motion for

the π perturbations is given by

π̈ + 3Hπ̇ +
M̄2

4M4

∇4π

a4
=

M̄2

8M4

∇2ḣ

a2
. (3.10)
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