
Non-Gaussianities from 
Inflation 

Leonardo Senatore, Kendrick Smith & MZ 



Lecture Plan:

• Lecture 1: Non-Gaussianities: Introduction and 
different take on inflation and inflation modeling. 

•Lecture II: Non-Gaussianities: Some technical details

•Lecture III: CMB Polarization: physical origin. 
Information encoded in the CMB polarization. 



The Era of Precision Cosmology



4

The initial conditions for the “standard” FRW phase

Could inflation be a part of our standard history of the Universe with 
the same level of confidence as Big Bang Nucleosynthesis?



The Horizon Problem

   decreases during 
the standard FRW 
phase.

Why is the Universe so homogeneous?
Why is the temperature of the CMB in 
directions separated by many degrees? 

The standard model 
seems incomplete

v = Hr = ȧx

Ratio between the size of 
our observable Universe 
and the horizon at BBN is 
1011 .



Structure formation

We have a standard model that is 
very successful observations but it 
requires some initial seeds. 

We have evidence that those seeds 
were in place very early on, 
perhaps as early as 10-36 sec after 
the BB (1/H for T ∼ 1015 GeV). 
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The initial conditions are not trivial. How did they come about?

What caused the Bang in the Big Bang?

The fact that we now know that perturbations were produced 
during the Bang phase opens the opportunity to measure more 
numbers and increases the chances that we will be able to figure 
out what the Bang was.  

The horizon “problem” means that there are many independent 
samples, many independent Universes. 

Inflation is our standard model but, could we believe it with the 
same level of confidence as Big Bang Nucleosynthesis?
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Inflation

A period of accelerated expansion with 

Ḣ << H2

I need a definition. For this talk I will 
take: 

a(t) ≈ eHt

v = Hr = ȧx ≈ eHtHx

Scales leave the horizon during inflation. 



What about the initial fluctuations?

Inflation can naturally create the seeds for structure, which is 
probably the most remarkable the feature of the theory. 

 

The triumph of Inflation: the origin of perturbations
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Inflation

Why do we know that inflation will also lead to fluctuations?

The period of accelerated expansion eventually comes to an end.  

The physical system responsible for the acceleration, the substance 
filling the Universe must be able to keep track of time. It is in some 
sense a very small clock. 

Small things are governed by the laws of quantum mechanics.  

There is a limit to how well one can keep track of time with a very 
small clock.  As a result inflation will end at slightly different times in 
different regions. This is the source of the initial seeds in inflationary 
models. 
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Inflation
A period of accelerated expansion with: 

Quantum fluctuations in the clock that determines when inflation ends are  
the source of the initial seeds. 

Can this paradigm one day become incorporated in our understanding 
of the Universe at the same level as BBN?

Ḣ << H2
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Standard approach:

Write down a particular inflationary models. This usually involves 
writing down some specific Lagrangian, usually for one or many scalar 
fields and computing various observables. Argue that your model is the 
most “natural”.

Unfortunately we do not currently have a direct connection between the 
“inflaton” and laboratory physics. So there is a wide range of 
inflationary models motivated by different criteria. 

It is difficult to see in this  “standard” approach which of the predictions 
are model independent and which are not.  It is also difficult to see how 
one would conclude that inflation indeed happened (maybe Gravity 
Waves?).
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In technical terms:

Very quickly it all looks like a fairy tail. 

Could inflation one day be a part of our standard story of how the 
Universe came to be in the same way as BBN is? Could this happen just 
on the basis of astronomical observations?
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Effective theory of inflation:Technical interlude

Quantum fluctuations in the clock that determines when inflation ends are  the source of the 
initial seeds. 

What can the dynamics of this clock be? It is characterized by just a handful of numbers. 

I will try to summarize how that is done so that you see that you never need to draw a 
potential, etc just need to specify a few numbers. Of course in some sense this is old news 
as predictions in the standard approach typically depend only on the slow roll parameter. 

Forget the fairy tale.  

Of course the fairly tale may be true, but the point is that we do not need to talk about it. 

Chung, Creminelli, Fitzpatrick, Kaplan & Senatore. 0709.0293
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δx2 ∼ !
Mω

Will need the action of the perturbations to calculate the how large the 
quantum fluctuations are. 

S

! =
1
!

∫
dt

M

2
(ẋ2 − ω2x2)
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Effective theory of inflation: Chung, Creminelli, Fitzpatrick, Kaplan & 
Senatore. 0709.0293

Use the measured time in the clock as the time coordinate. 
The clock disappears from the action, everything is in the metric.  
Can still make time dependent transformations of the spatial 
coordinates but time has been fixed. Terms must respect the 
residual symmetry. 

1 Introduction

There are two kind of multifield inflation: the ones with other light fields, and the ones with
a gas of particles.

2 Effective Field Theory of Single Clock Inflation

In this section we briefly review the effective action for single clock inflation. This effective
action was developed in [1, 2] and we refer the reader to those papers for a detailed explanation.
The construction of the effective theory is based on the following consideration. In a quasi
de Sitter background with only one relevant degree of freedom, there is a privileged spatial
slicing, given by the physical clock which allows us to smoothly connect to a decelerated
hot Big Bang evolution. The slicing is usually realized by a time evolving scalar φ(t). To
describe perturbations around this solution one can choose a gauge where the privileged slicing
coincides with surfaces of constant t, i.e. δφ(#x, t) = 0. In this ‘unitary’ gauge there are no
explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms have
been fixed and are not a gauge symmetry anymore, the graviton now describes three degrees
of freedom: the scalar perturbation has been eaten by the metric. One therefore can build
the most generic effective action with operators that are functions of the metric fluctuations
and that are invariant under the linearly-realized time-dependent spatial diffeomorphisms. As
usual with effective field theories, this can be done in a low energy expansion in fluctuations
of the fields and derivatives. We obtain the following Lagrangian [1, 2]:

SE.H. + S.F. =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 −M2

Pl(3H
2 + Ḣ) +

+
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 − M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (1)

where we denote by δKµν the variation of the extrinsic curvature of constant time surfaces
with respect to the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν being the induced
spatial metric, and where M2,3 and M̄1,2,3 represent some time-dependent mass scales.

Let us comment briefly on (1). The first term is the Eistein-Hilbert term. Together with
the second and third term, these are the only three terms starting linearly in the metric
fluctuations. The coefficients have been carefully chosen to ensure that in the combination of
these three terms the linear terms in the fluctuations cancel, and the action start quadratic in
the fluctuations. The terms in the second line start quadratic in the fluctuations and there are
no derivatives acting on the metric fluctuations, while the terms in third line represent higher
derivative terms. Dots represent operators that start at higher order in the perturbations or
in derivatives. In [1] it is proven that this action for single field inflation is the most general
one and it is indeed unique.

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton he-
licities and a scalar mode. This mode will become explicit after one performs a broken time

2

Expansion in fluctuations and in derivatives. Coefficients in the first line are 
such that the action starts quadratic. 
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Has one more derivative. 

....
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Can reintroduce the clock. Call its fluctuations π

t→ t− π

diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].

3

For the models discussed here the terms involving     are the dominant. 

diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ
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Parameters: H, Ḣ, Ḧ, M2, M3

Structure is set by the symmetries, the requirement that everything can be incorporated 
into the metric by a suitable choice of coordinates. Specific signs and coefficients in 
front of various terms, requirement of certain interactions, difference between time and 
space derivatives. 
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relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].
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diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)
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∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:
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3 π̇3

]
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where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].
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ω2 = c2
sk

2

M2 changes the dispersion relation of modes, introducing a “sound speed”. Same 
term that changes the propagation speed generates interactions. 

There are two independent cubic self interactions, π̇(∂iπ)2 and π̇3 at this order in derivatives,
which can induce detectable non-Gaussianities in the primordial density perturbations. A
small speed of sound (i.e. a large M2) forces large self interactions of the form π̇(∂iπ)2, while
the coefficient of the operator π̇3 is still unfixed thanks to M3. By analysis of the cosmological
data, one can therefore constraint (or measure) the parameters of the above Lagrangian. This
approach has been recently applied to the WMAP data in [9], giving constraints on M2 and
M3, as well as on the higher derivative operators that we have omitted in (5). This is the exact
analogous of what happens for data from particle accelerators when the precision electroweak
tests of the Standard Model are carried out [10, 11].

2.1 A detectable four-point function from single field inflation

It is by now well established that single field inflation can produce a large and detectable level
of non-Gaussianity through its three-point function. It is worth to ask if it is possible in single
field inflation to have a large and detectable four-point function without at the same time
having a detectable three-point function. The effective Lagrangian of single field inflation of
sec. 2 should be the ideal general set up to address this kind of questions.

Restricting ourselves to the case where the Goldstone boson is protected by an approximate
shift symmetry, [1, 9] show that in single field inflation there are only two ways to have a large
three-point function: either by having a very small speed of sound cs for the fluctuations, or
by the unperturbed solution being so close to de Sitter space that the dispertion relation of
the Goldstone boson is of the form ω2 ∼ k4/M2, where M is some mass scale of the order of
M̄2,3.

In the case of a small speed of sound, the large three-point function is induced by the
operators π̇(∂iπ)2 and π̇3 that are associated with the unitary gauge operators (δg00)2 and
(δg00)3. In particular, by estimating loop corrections, [9] has shown that if the coefficient
of the operator (δg00)2 is M4

2 ∼ ḢM2
Pl/c

2
s, where we have taken the cs " 1 limit of (6),

then the operator (δg00)3 is naturally generated with a coefficient of the order M4
3 ∼ M4

2 /c2
s

(and viceversa), so that both of the operators generate a comparable amount of three-point
function, which is given by:

fNLζ ∼ L3

L2

∣∣∣∣
E∼H

∼ 1

c2
s

ζ ⇒ fNL ∼
1

c2
s

. (7)

In the second passage above we have taken the ratio of the cubic and the quadratic Lagrangian
at energies of order H. The Planck satellite will reach a limit on fNL ∼ few [17], so, let us
limit ourself to the case cs " 1. The reason why the natural value of M4

3 is M4
2 /c2

s can be
quickly understood by doing the following manipulations of the single field Lagrangian

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

c2
s

(
π̇2 − c2

s

(∂iπ)2

a2

)
− M2

PlḢ

c2
s

π̇
(∂iπ)2

a2
− 2

3

c̃3

c4
s

M2
PlḢπ̇3

]
, (8)

where we have used (6), and we have redefined M4
3 = c̃3M4

2 /c2
s. We can perform a transfor-

mation of the spatial coordinates:

&x → &̃x = &x/cs , (9)

4



Connecting to observations
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the horizon”

The clock fluctuations are 
“frozen” at horizon crossing 
(frequency of order H). We 
are probing the theory at an 
energy H which is roughly 
constant in time.  Note that 
the range of scales we are 
talking about could be huge, 
as much as e60.

What we need to calculate is 
the additional expansion of 
one region relative to the 
other due to the clock 
fluctuations:
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Observational Consequences
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Observational Consequences: 2-pt function

diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].

3

When interactions are small I just have a collection of harmonic oscillators. Wave 
function in the vacuum state is a Gaussian resulting in Gaussian initial fluctuations. 
All it left to measure in that limit is the two point correlation function. 
Translational invariance demands only a function of distance. 
Simple arguments demand it to be close to scale invariant, ie power law with 
specific slope.  
Not that much to measure. 

k3|ζk|2 = A(
k

k∗
)(n−1)

Scale invariance a consequence of time 
translation invariance:

ε ≡ − Ḣ

H2
<< 1
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Scale invariance is a natural consequence of having a fluctuating 
clock in a near de-Sitter background. Probably difficult to get in 
another way, especially if there are 60- efolds of scale invariant 
fluctuations, but still does not leave much to measure. 

This is especially true because specific values of the two 
numbers that can be measured are not really predictable because 
they  are not a the direct consequence of the symmetries but 
depend on the details of the background. 

For example they do just follow from 

but depend on the value of the ratio.

ε ≡ − Ḣ

H2
<< 1
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Observational Consequences: 3-pt function

k6
1〈ζk1ζk2ζk3〉 = F (

k2

k1
,
k3

k1
)

k2

k3

k1

Higher order moments, departure from Gaussianity are sensitive to the interactions. 
Even after requiring scale invariance and translation invariance the three point function 
is still an arbitrary function of two continuous variable. 
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diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
− 4

3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].
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Just two specific shapes for this two shapes are predicted from each of 
the two possible interactions:

π̇3 π̇(∂iπ)2



Maldacena 2002

The Squeezed limit

Non-Gaussianities

In single clock models there 
is a direct connection 
between the departures 
from scale invariance and 
the three point function. 

k3 << k1 ∼ k2

ζ(x) = ζg(x) + fNLζ2
g (x) + · · ·
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The shapes in pictures
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Observational Consequences: 4-pt function

k2

k3

k1

Higher order moments have even more freedom. 
Even after requiring scale invariance and translation invariance the four point function is 
still an arbitrary function of five continuous variable. 

k4

k9
1〈ζk1ζk2ζk3ζk4〉 = F (

k2

k1
,
k3

k1
,
k4

k1
, θ, φ)

Senatore & MZ in preparation. 
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1 Introduction

There are two kind of multifield inflation: the ones with other light fields, and the ones with
a gas of particles.

2 Effective Field Theory of Single Clock Inflation

In this section we briefly review the effective action for single clock inflation. This effective
action was developed in [1, 2] and we refer the reader to those papers for a detailed explanation.
The construction of the effective theory is based on the following consideration. In a quasi
de Sitter background with only one relevant degree of freedom, there is a privileged spatial
slicing, given by the physical clock which allows us to smoothly connect to a decelerated
hot Big Bang evolution. The slicing is usually realized by a time evolving scalar φ(t). To
describe perturbations around this solution one can choose a gauge where the privileged slicing
coincides with surfaces of constant t, i.e. δφ(#x, t) = 0. In this ‘unitary’ gauge there are no
explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms have
been fixed and are not a gauge symmetry anymore, the graviton now describes three degrees
of freedom: the scalar perturbation has been eaten by the metric. One therefore can build
the most generic effective action with operators that are functions of the metric fluctuations
and that are invariant under the linearly-realized time-dependent spatial diffeomorphisms. As
usual with effective field theories, this can be done in a low energy expansion in fluctuations
of the fields and derivatives. We obtain the following Lagrangian [1, 2]:

SE.H. + S.F. =

∫
d4x

√
−g

[1

2
M2

PlR + M2
PlḢg00 −M2

Pl(3H
2 + Ḣ) +

+
1

2!
M2(t)

4(g00 + 1)2 +
1

3!
M3(t)

4(g00 + 1)3 +

−M̄1(t)3

2
(g00 + 1)δKµ

µ −
M̄2(t)2

2
δKµ

µ
2 − M̄3(t)2

2
δKµ

νδK
ν
µ + ...

]
, (1)

where we denote by δKµν the variation of the extrinsic curvature of constant time surfaces
with respect to the unperturbed FRW: δKµν = Kµν − a2Hhµν with hµν being the induced
spatial metric, and where M2,3 and M̄1,2,3 represent some time-dependent mass scales.

Let us comment briefly on (1). The first term is the Eistein-Hilbert term. Together with
the second and third term, these are the only three terms starting linearly in the metric
fluctuations. The coefficients have been carefully chosen to ensure that in the combination of
these three terms the linear terms in the fluctuations cancel, and the action start quadratic in
the fluctuations. The terms in the second line start quadratic in the fluctuations and there are
no derivatives acting on the metric fluctuations, while the terms in third line represent higher
derivative terms. Dots represent operators that start at higher order in the perturbations or
in derivatives. In [1] it is proven that this action for single field inflation is the most general
one and it is indeed unique.

The unitary gauge Lagrangian describes three degrees of freedom: the two graviton he-
licities and a scalar mode. This mode will become explicit after one performs a broken time

2

Although there are quartic interactions inside (g00+1)2 and (g00+1)3 quartic terms, those 
are very small given current constraints on the three point function. 

diffeomorphism (Stückelberg trick) as the Goldstone boson which non-linearly realizes this
symmetry. In analogy with the equivalence theorem for the longitudinal components of a
massive gauge boson [3], we have that the physics of the Goldstone decouples from the two
graviton helicities at short distance, when the mixing can be neglected. The detailed study
of [1] shows that this is indeed the case, and one can neglect the metric fluctuations unless
one is interested in studying effects dominated by the mixing with gravity 1.

As anticipated, we reintroduce the Goldstone boson, that we call π, by performing a
broken time-diff., calling the parameter of the transformation −π, and then declaring π to be
a field that, under time diff.s of the form t→ t + ξ0(x), transforms as

π(x) → π̃(x̃(x)) = π(x)− ξ0(x) . (2)

In this way diff. invariance is restored at all orders. For example, the terms in g00 in the
Lagrangian give rise to the following terms:

g00 → ∂(t + π)

∂xµ

∂(t + π)

∂xν
gµν → −δµ

0 (1 + π̇) + δµ
i

1

a2
∂iπ . (3)

We refer to [1] for details about this procedure. Now, if we are interested just in effects that
are not dominated by the mixing with gravity, then we can neglect the metric perturbations
and just keep the π fluctuations. In this regime, a term of the form g00 in the unitary gauge
Lagrangian becomes:

g00 → −1− 2π̇ − π̇2 +
1

a2
(∂iπ)2 . (4)

Further, we can assume that the π has an approximate shift symmetry, which becomes exact
in the limit in which the space time is exactly de Sitter [1]. This allows us to neglect to
terms in π without a derivative that are generated by the time dependence of the coefficients
in (1) 2. Implementing the above procedure in the Lagrangian of (1), we obtain the rather
simple result:

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

(
π̇2 − (∂iπ)2

a2

)
+ 2M4

2

(
π̇2 + π̇3 − π̇

(∂iπ)2

a2

)
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3
M4

3 π̇3

]
, (5)

where for simplicity we have neglected the terms originating from the extrinsic curvature, as
they are usually important only in the regime very close to de Sitter [1], and they will not be
relevant in this paper.

We notice that when M2 is different from zero, than the speed of sound of the fluctuations
is different from one. We have the following relationship:

M4
2 = −1− c2

s

c2
s

M2
PlḢ

2
. (6)

1Equivalently, the neglected effects are suppressed by slow-roll parameters or by powers of H/MPl.
?!?!?!?!!??!???!!??!!? check it a bit ?!?!?!?!?!?!!!?!?!?!?!?!!?

2Notice that this does not necessarely needs to be the case. Interesting inflation models have been recently
proposed in which the π fluctuations are protected only by an approximate discrete shift symmetry. See for
example [4, 5, 6, 7, 8].
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Could one have an observable 4-pt function without a much 
larger 3-pt?

and canonically normalize the field π

πc = (−2M2
PlḢcs)

1/2 π , (10)

obtaining

Sπ =

∫
dt d3x̃

√
−g




1

2

(
π̇2

c −
(∂̃iπc)2

a2

)
− 1

(
8|Ḣ|M2

Plc
5
s

)1/2
π̇c

(∂̃iπc)2

a2
− 2

3

c̃3
(
8|Ḣ|M2

Plc
5
s

)1/2
π̇3

c



 ,

(11)

where ∂̃i = ∂/∂x̃i. Notice that since we did not rescale time, the cutoff in energy can directly
read off from (11). Since the kinetic part of the Lagrangian (11) is now Lorentz invariant, it
is quite easy to read off the unitarity bound

Λ4 ∼ c7
sM

4
2 ∼ c5

s|Ḣ|M2
Pl . (12)

In fact with this particular redefinition of the coefficient M3 in terms of c̃3 and c2
s, we can

see that for c̃3 of order one, the two operators π̇3
c and π̇(∂̃iπc)2 are suppressed by the same

scale Λ2. Indeed, it is quite straightforward to verify that loop corrections will generate the
two operators with their relative coefficient c̃3 of order one. We further notice that having a
detectable three-point function means lowering the cutoff of the theory well below (ḢM2

Pl)
1/4.

Let us now pass to the four-point function. The unitary-gauge operators (δg00)2 and
(δg00)3 contain many quartic operators. For example one of them is

M4
2 (∂iπ)4 . (13)

This operator induces a four-point function, usually parametrized by τNL, of the form

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ 1

c4
s

ζ2 ⇒ τNL ∼
1

c4
s

. (14)

This value of τNL is tiny. The observational constraints errors on fNL and τNL scale as [18]

∆fNL ∼
105

N1/2
pix

, ∆τNL ∼
1010

N1/2
pix

, (15)

where Npix represents the number of data points of the experiment. In order for a four-point
function to be detectable, the value of τNL has to be a factor of about 105 larger than the value
of fNL allowed by the data. The current limit from the WMAP satellite [9] set fNL ! 102,
which implies from (7) that c2

s " 10−2. Current limits on τNL are therefore expected to be
of the order 107, and clearly the value in (14) is a factor of 103 too small. Even worst, even
if we will have a detection of fNL just at its current upper bound of order 102, the resulting
τNL ∼ 10−3 will not even be detectable by the Planck satellite. 21-cm line experiments that
are very much in the future might have the possibility to reach fNL ∼ 10−2, τNL ∼ 103 [19],
and in this case in order to detect a four-point function we will have to wait and hope for

5
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Could one have an observable 4-pt function without a much 
larger 3-pt?

Could one have a (g00+1)4 terms without (g00+1)2 and (g00+1)3 ones? 
them. So far we have considered only the quartic operator (∂iπ)4 induced by the unitary-
gauge operators (δg00)2 and (δg00)3. It is straightforward to see that the situation is the same
also for the other operators associated with them.

Notice that because of the non-linear realization of time-diffs, the coefficients of the quartic
operators induced by (δg00)2 and (δg00)3 where tight to the ones of the cubic operators. This
was the reason why the induced four-point function was so small. However, one could imagine
to introduce the operator M4

4 (δg00)4, which starts quartic in the fluctuations, and to arbitrarily
set to zero the coefficients of the operators (δg00)2 and (δg00)3. Reintroduction of the field π
would give rise to terms of the form

M4
4 (δg00)4 →M4

4

(
16π̇4 − 32π̇3(∂µπ)2 + 24π̇2(∂µπ)4 − 8π̇(∂µπ)6 + (∂µπ)8

)
, (16)

The term in π̇4 induces a four-point fucnction whose size is given by:

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ M4
4

ḢM2
Pl

ζ2 ⇒ τNL ∼
M4

4

ḢM2
Pl

. (17)

Let us concentrate on the limit τNL % 1 (ḢM2
Pl % Λ4

U) as this is the only regime we can
hope to detect. Upon canonical normalization, one can read that the unitarity bound of the
theory to be

Λ4
U ∼

(ḢM2
Pl)

2

M4
4

∼ (ḢM2
Pl)

τNL
, (18)

τNL % 1 translates into the condition ḢM2
Pl % Λ4

U , and we can rewrite τNLζ2 as

τNLζ2 ∼ L4

L2

∣∣∣∣
E∼H

∼ H4

Λ4
U

. (19)

This tells us that by making the cutoff closer and closer to the Hubble case, we can make the
induced τNL as large as 1010. However, in taking this limit, we should worry about the fact
that we have arbitrarily set to zero the operators (δg00)2 and (δg00)3, which we expect to be
generated at some level. Let us see at what level they are indeed generated. Let us consider
two of the terms in π included in the operators (δg00)2: π̇4 and π̇3(∂µπ)2. Upon canonical
normalization, and neglecting factors of order one, we can see that these two operators appear
in the Lagrangian as

1

Λ4
U

π̇4
c ,

1

Λ6
UτNL

π̇3
c (∂µπc)

2 . (20)

For τNL ! 1, the operator π̇3
c (∂µπc)2 is effectively suppressed by an higher scale than π̇4

c . The
same holds even for the higher dimension operators that are included in (δg00)4: the higher
the power in π they have, the higher is the scale by which they are suppressed. If we now
ask at what level we will generate the operators (δg00)2 and (δg00)3, we realize that, upon
reinsertion of π, these operator do not respect any symmetry π → −π: they contain even and
odd powers of π. This means that in order to generate (δg00)2 and (δg00)3, we will have to
insert the operator π̇3

c (∂µπc)2, effectively suppressing the level at which the operators (δg00)2

and (δg00)3 are generated. In other words, in the limit τNL ! 1 there is an approximate

6

π̇
∂iπ∂iπ

Figure 1: Generation of a 3-point function from a loop diagram

Z2 symmetry π → −π which is softly broken, and this protects the renormalization of the
operators (δg00)2 and (δg00)3. For example, it is easy to estimate that the loop in fig. 1 induces
an operator π̇3

c suppressed by the scale (ḢM2
Pl)

3/2. Since the structure of the Lagrangian is
fixed by symetries, we conclude that, by un-canonically normalize the fields, the operators
(δg00)2 and (δg00)3 are generated with a coefficient of order ḢM2

Pl:

M4
4 (δg00)4 → ḢM2

Pl(δg
00)2 , ḢM2

Pl(δg
00)3 . (21)

We find this to be a very interesting result. In fact, by doing the same passages as in (7),
we conclude that the induce value of fNL is just of order one, while at the same time the
τNL in (17) can be much larger than 105. Therefore, we conclude that in single field inflation
we can have a four-point function that has a level of non-Gaussianities that is much larger
than the one induced by the three-point function, and therefore can be detected even in the
absence of a detection of a three-point function. Remarkably, this large four-point function
is generated only by one operator: π̇4, and therefore there is a unique shape for it. Coming
from derivative interactions, this shape will be peaked on configurations in momentum space
where all the momenta have comparable wavelengths.

The theory and and the actual analysis of a four-point function in the CMB data is a
largely unexplored area. We find that this result strongly motivates such a study, that we
will undertake in a series of separate papers [20].

Of course, in order to have a large four-point function, it is not necessary that the operators
(δg00)2 and (δg00)3 are exactly set to zero. It is quite straightforward to see that in the case
of speed of sound different from one, the condition reads

M4
4 ! (ḢM2

Pl)
3/2

H2c7/2
2

. (22)

Passing to the models that are very close to de Sitter space, even in this case the operator
π̇4 can give a four-point function larger that the three-point function if the coefficient M is
large enough. In the case where the dispertion relation is of the form ω = c2k, the condition
reads:

M4
4 ! M4

2

H2c1/2
2

, (23)

where for simplicity we have assumed the dispertion relation to be linear in k up to the cutoff.
In the case in which the dispertion relation is of the form ω = γ2k2/M2, the condition for
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Although loop corrections generate 3-pt interactions they can be consistently small.  

π̇
∂iπ∂iπ

Figure 1: Generation of a 3-point function from a loop diagram

Z2 symmetry π → −π which is softly broken, and this protects the renormalization of the
operators (δg00)2 and (δg00)3. For example, it is easy to estimate that the loop in fig. 1 induces
an operator π̇3

c suppressed by the scale (ḢM2
Pl)

3/2. Since the structure of the Lagrangian is
fixed by symetries, we conclude that, by un-canonically normalize the fields, the operators
(δg00)2 and (δg00)3 are generated with a coefficient of order ḢM2

Pl:

M4
4 (δg00)4 → ḢM2

Pl(δg
00)2 , ḢM2

Pl(δg
00)3 . (21)

We find this to be a very interesting result. In fact, by doing the same passages as in (7),
we conclude that the induce value of fNL is just of order one, while at the same time the
τNL in (17) can be much larger than 105. Therefore, we conclude that in single field inflation
we can have a four-point function that has a level of non-Gaussianities that is much larger
than the one induced by the three-point function, and therefore can be detected even in the
absence of a detection of a three-point function. Remarkably, this large four-point function
is generated only by one operator: π̇4, and therefore there is a unique shape for it. Coming
from derivative interactions, this shape will be peaked on configurations in momentum space
where all the momenta have comparable wavelengths.

The theory and and the actual analysis of a four-point function in the CMB data is a
largely unexplored area. We find that this result strongly motivates such a study, that we
will undertake in a series of separate papers [20].

Of course, in order to have a large four-point function, it is not necessary that the operators
(δg00)2 and (δg00)3 are exactly set to zero. It is quite straightforward to see that in the case
of speed of sound different from one, the condition reads

M4
4 ! (ḢM2

Pl)
3/2

H2c7/2
2

. (22)

Passing to the models that are very close to de Sitter space, even in this case the operator
π̇4 can give a four-point function larger that the three-point function if the coefficient M is
large enough. In the case where the dispertion relation is of the form ω = c2k, the condition
reads:

M4
4 ! M4

2

H2c1/2
2

, (23)

where for simplicity we have assumed the dispertion relation to be linear in k up to the cutoff.
In the case in which the dispertion relation is of the form ω = γ2k2/M2, the condition for

7

fNL ∼ 1
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Although an arbitrary function of five continuous variable only one possibly large shape 
from single clock models, created by the interaction 

k9
1〈ζk1ζk2ζk3ζk4〉 = F (

k2

k1
,
k3

k1
,
k4

k1
, θ, φ)

π̇4
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The structure of the interactions is very constrained, leading to 
much fewer possibilities than allowed by translational invariance 
and scale invariance. 

Non-Gaussianities provide an avenue to get convinced that 
inflation indeed happened. 
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Data was first used to search for the local type of non-Gaussianity, 
the shape that cannot be created by single field models. This shape 
however is the “simplest” one to write down.  

After it was realized that single field models could not produce the 
local type of non-Gaussianity it was soon realized that inflationary 
models could be constructed that had larger non-Gaussianities with 
another shape. 

The development of the effective theory of inflation showed that 
there are really two shapes that need to be searched for. We now have 
upper limits for this two shapes that can be directly translated into 
constraints on the parameters of two parameters in the Lagrangian for 
the fluctuations. 

Observational Status:
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There are two independent cubic self interactions, π̇(∂iπ)2 and π̇3 at this order in derivatives,
which can induce detectable non-Gaussianities in the primordial density perturbations. A
small speed of sound (i.e. a large M2) forces large self interactions of the form π̇(∂iπ)2, while
the coefficient of the operator π̇3 is still unfixed thanks to M3. By analysis of the cosmological
data, one can therefore constraint (or measure) the parameters of the above Lagrangian. This
approach has been recently applied to the WMAP data in [9], giving constraints on M2 and
M3, as well as on the higher derivative operators that we have omitted in (5). This is the exact
analogous of what happens for data from particle accelerators when the precision electroweak
tests of the Standard Model are carried out [10, 11].

2.1 A detectable four-point function from single field inflation

It is by now well established that single field inflation can produce a large and detectable level
of non-Gaussianity through its three-point function. It is worth to ask if it is possible in single
field inflation to have a large and detectable four-point function without at the same time
having a detectable three-point function. The effective Lagrangian of single field inflation of
sec. 2 should be the ideal general set up to address this kind of questions.

Restricting ourselves to the case where the Goldstone boson is protected by an approximate
shift symmetry, [1, 9] show that in single field inflation there are only two ways to have a large
three-point function: either by having a very small speed of sound cs for the fluctuations, or
by the unperturbed solution being so close to de Sitter space that the dispertion relation of
the Goldstone boson is of the form ω2 ∼ k4/M2, where M is some mass scale of the order of
M̄2,3.

In the case of a small speed of sound, the large three-point function is induced by the
operators π̇(∂iπ)2 and π̇3 that are associated with the unitary gauge operators (δg00)2 and
(δg00)3. In particular, by estimating loop corrections, [9] has shown that if the coefficient
of the operator (δg00)2 is M4

2 ∼ ḢM2
Pl/c

2
s, where we have taken the cs " 1 limit of (6),

then the operator (δg00)3 is naturally generated with a coefficient of the order M4
3 ∼ M4

2 /c2
s

(and viceversa), so that both of the operators generate a comparable amount of three-point
function, which is given by:

fNLζ ∼ L3

L2

∣∣∣∣
E∼H

∼ 1

c2
s

ζ ⇒ fNL ∼
1

c2
s

. (7)

In the second passage above we have taken the ratio of the cubic and the quadratic Lagrangian
at energies of order H. The Planck satellite will reach a limit on fNL ∼ few [17], so, let us
limit ourself to the case cs " 1. The reason why the natural value of M4

3 is M4
2 /c2

s can be
quickly understood by doing the following manipulations of the single field Lagrangian

Sπ =

∫
d4x
√
−g

[
−M2

PlḢ

c2
s

(
π̇2 − c2

s

(∂iπ)2

a2

)
− M2

PlḢ

c2
s

π̇
(∂iπ)2

a2
− 2

3

c̃3

c4
s

M2
PlḢπ̇3

]
, (8)

where we have used (6), and we have redefined M4
3 = c̃3M4

2 /c2
s. We can perform a transfor-

mation of the spatial coordinates:

&x → &̃x = &x/cs , (9)

4

In addition to the parameters that describe the expansion history there 
are two additional one, the sound speed and c3 (a dimensionless 
number of order one). 
They can be directly constrained using WMAP.  



Searching for the signal

The best data set is the one with the largest number of high signal to 
noise measurements (pixels, Fourier modes). Constraints go as

WMAP and future all sky CMB experiments are the most promising 
but large scale structure is competitive for the local shape. 

Surveys of hydrogen at high redshift using its 21 cm line could 
potentially do better for all shapes.  

〈δT 3〉
〈δT 2〉3/2

∝ N−1/2
pix



Current constraints on single clock models

Smith, Senatore, MZ  0905.3746

From WMAP 5 yr data release

−125 ≤ f equil
NL ≤ 435 95% CL

−369 ≤ forthog
NL ≤ 71 95% CL

with

∆Φ =
9

25

H2

4 ε cs M2
Pl

, (18)

and ε = −Ḣ/H2. We have also defined

K1 = k1 + k2 + k3 , (19)

K2 = (k1k2 + k2k3 + k3k1)
1/2 ,

K3 = (k1k2k3)
1/3 .

We can use the standard definition of fNL

F (k, k, k) = fNL · 6∆2
Φ

k6
, (20)

to define

f π̇(∂iπ)2

NL =
85

324

(
1− 1

c2
s

)
, (21)

f π̇3

NL =
10

243

(
1− 1

c2
s

) (
c̃3 +

3

2
c2
s

)
,

and to write

Fπ̇(∂iπ)2(k1, k2, k3) = −27

17
f π̇(∂iπ)2

NL ∆2
Φ (22)

×(24K3
6 − 8K2

2K3
3K1 − 8K2

4K1
2 + 22K3

3K1
3 − 6K2

2K1
4 + 2K1

6)

K3
9K1

3
,

Fπ̇3(k1, k2, k3) = 162 f π̇3

NL∆2
Φ · 1

K3
3K1

3
.

Notice that, quite remarkably, if we wish to have a speed of sound smaller than one (a

necessary condition for the existence of a Lorentz invariant UV completion [27]), we need to

have f π̇(∂iπ)2

NL < 0. Even more importantly, the size and the shape of the three-point function is

controlled by two parameters: the speed of sound cs and the parameter c̃3, and the resulting

non-Gaussian signal is a linear combination of two independent shapes. This means that

if we fix the size of the overall non-Gaussianity there is a one-parameter family of shapes

associated to the same amount of signal. In particular, for c̃3 of O(1), a necessary condition

for the 3-point function to be large is that the speed of sound is small 6. Given the current

experimental sensitivity, we can therefore concentrate on this limit. As we let c̃3 vary keeping

cs fixed the size and the shape of the produced non-Gaussianity change. Concentrating on the

shape, for very large or very small values of c̃3 the non-Gaussianity is dominated by one of the

two operators, which both have a shape quite close to the so called equilateral kind. In that

case the signal is concentrated on equilateral triangular configurations of the sort shown in

the top-left panel of Fig. 1. However the two shapes are not identical which implies that there

6Another possibility is to be very close to the de Sitter limit. We will comment on this later.
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and ε = −Ḣ/H2. We have also defined

K1 = k1 + k2 + k3 , (19)

K2 = (k1k2 + k2k3 + k3k1)
1/2 ,

K3 = (k1k2k3)
1/3 .
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for the 3-point function to be large is that the speed of sound is small 6. Given the current

experimental sensitivity, we can therefore concentrate on this limit. As we let c̃3 vary keeping

cs fixed the size and the shape of the produced non-Gaussianity change. Concentrating on the

shape, for very large or very small values of c̃3 the non-Gaussianity is dominated by one of the

two operators, which both have a shape quite close to the so called equilateral kind. In that

case the signal is concentrated on equilateral triangular configurations of the sort shown in

the top-left panel of Fig. 1. However the two shapes are not identical which implies that there

6Another possibility is to be very close to the de Sitter limit. We will comment on this later.
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while the one due to π̇3 is given by

Λ4
π̇3 ∼ Λ4

π̇(∂iπ)2 · 1

(c2
s + 2c̃3/3)2 , (12)

which are indeed of the same order for c̃3 of order one. It is also easy to estimate that if c̃3

is order one, loop corrections renormalize the coefficients of the two operators only at order

one level. This means that c̃3 of order one, and a small speed of sound cs, are technically

natural 4.

The three point function of the Newtonian potential Φ has the usual form

〈Φ#k1
Φ#k2

Φ#k3
〉 = (2π)3δ(3)(

∑

i

#ki)F (k1, k2, k3) . (13)

Here

Φ =
3

5
ζ , (14)

where ζ is the curvature perturbation of comoving slices. This relationship is valid, at first

order, out of the horizon, during matter domination. The δ−function comes from transla-

tion invariance and it tells us that the 3-point function is a function of closed triangles in

momentum space. For single-field inflation, F can be read off from:

〈Φ#k1
Φ#k2

Φ#k3
〉 = −

(
3

5

)3

H3〈π#k1
π#k2

π#k3
〉 = (2π)3δ(3)(

∑

i

#ki)
(
Fπ̇(∂iπ)2(k1, k2, k3) + Fπ̇3(k1, k2, k3)

)

(15)

where Fπ̇(∂iπ)2 is the shape generated by the operator π̇(∂iπ)2, and Fπ̇3 is instead the one

generated by the operator π̇3. In the limit in which we are far enough from de Sitter (in the

sense of the inequality (10)), and in which we consider an approximate shift symmetry for

the Goldstone boson, the resulting form of the non-Gaussianity is given by [11] 5:

Fπ̇(∂iπ)2(k1, k2, k3) = − 5

12

(
1− 1

c2
s

)
· ∆2

Φ (16)

×(24K3
6 − 8K2

2K3
3K1 − 8K2

4K1
2 + 22K3

3K1
3 − 6K2

2K1
4 + 2K1

6)

K3
9K1

3
,

Fπ̇3(k1, k2, k3) =
20

3

(
1− 1

c2
s

)
(c̃3 +

3

2
c2
s) · ∆2

Φ · 1

K3
3K1

3
.

Here we have used that

〈Φ(#k1)Φ(#k2)〉 = (2π)3δ(3)(#k1 + #k2)
∆Φ

k3
, (17)

4This discussion has assumed that the operator proportional to (d2 + d3) is negligible up the cutoff. This
is the case only if (d2 + d3) ! cs. When this inequality is violated, (d2 + d3) must be positive and, as we will
later explain more in detail, the natural value of c̃3 gets scaled down by a factor of order c1/4

s /(d2 + d3)1/4,
which is clearly a negligible correction for (d2 + d3) of order one and for the values of cs that are currently
allowed by the data.

5In a different and somewhat less general formalism, this expression was obtained also in [26], where it
was already pointed out that the models considered in [26] admitted two independent shapes for the non-
Gaussianities.

7

Power spectrum
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One cannot put a bound on cs if only 
one shape is measured. 



Current constraints on the local shape

−4 ≤ f local
NL ≤ 80 95% CL

Smith, Senatore & MZ 0901.2572

Our error bars are roughly 40% smaller than previous analysis. 

We outperform the previous analysis on both the large and small scales. 

Our results are robust to doing different cuts on the data (3 yr vs 5yr, 
details of the mask, range of l used). All the differences we see are 
consistent with being statistical. 

We see no evidence of foreground contamination and we are robust to 
the procedure used to subtract point sources. 
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Inflation

A period of accelerated expansion with 

Ḣ << H2

Quantum fluctuation in the clock that determines when inflation 
ends leads to the structure we see. 

What if fluctuations had another source that dominated over the fluctuations of the 
clock? Can an analogous effective theory be constructed? What are the 
consequences? (Senatore and MZ in preparation)



Summary:
We now know how to talk about single field inflation just in terms of what is 
relevant to observations. 

In the last few years our understanding of non-Gaussianities from single clock 
models has improved substantially. They tell us about the interactions between 
fluctuations in the clock and symmetries dictate the structure of these interactions. 
They can provide the “proof” that what we are seeing in the sky results from the 
quantum fluctuations in the clock that kept time during a quasi de-Sitter phase.  

We expect: 
There are only two interactions so the shape of the possible three point functions is 
fully determined by two parameters. 

Only a single 4 point function shape could be large. Not yet been searched for in the 
data. 

Currently the best upper limits come from WMAP. Planck should improve things 
by at least an order of magnitude. 
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• No non-Gaussianities in the squeezed limit  (local type) for single 
field models (Maldacena’s theorem).

• Only two operators provide interactions that can create a non-zero 
three point function. Thus there are two distinct shapes of non-
Gaussianities that can be produced by any single clock inflationary 
model.  Only two coefficients encode the signatures of all possible 
single clock inflationary models. 

• The amplitude of non-Gaussianities are directly related to the 
“sound-speed” of the fluctuations, the lower the sound speed the 
larger the non-Gaussianities.



 The basics of CMB Anisotropies

All 3 effects have the same origin

14 Gpc



Analysis

Computationally very difficult unless F is factorizable: 

Optimal weight Three point 
function

Amplitude of 
primordial fluctuations

Primordial 3 point 
function

Optimal weight is difficult to calculate when anisotropic noise and 
galactic cut are included. 
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Constraints on the local shape:
Smith, Senatore & MZ 0901.2572

Better analysis of WMAP 5 data that 
properly takes into account the effects 
of the galactic mask and the 
anisotropies in the noise. 

Results in 40% smaller error bars even 
after foreground marginalization. 

2-sigma errorbars



WMAP 3yrs

Hu & White (1996)
Spergel & MZ (1997)
Pieris et al WMAP (2003)

Negative peak imply fluctuations 
come from outside  horizon

Causal Seeds

Pen, Seljak & Turok (1997)

When were perturbations created?

Sharp acoustic peaks are 
difficult to create without 
inflation



Inflation and the Horizon Problem

Inflation

FRW evolution

Scale “crosses 
the horizon”

Start of the 
FRW phase

At BBN

Initial Conditions

v = Hr = ȧx

A period of accelerated 
expansion puts things 
outside the Horizon. 


