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•  Lensing basics (lens eq., shear, convergence) 
•  Cluster lensing (halo mass, halo shape) 
•  Cosmic shear (cosmological parameters)
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Einstein’s gravity theory 

重力レンズ∝(宇宙の幾何)×(宇宙の構造) 

€ 

E = mc2

Gµν =
8πG
c4

Tµν

Lensing strengths = 
 (geometry of the Universe) × (total matter of a lens) 
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•  Lensing: needs to solve a propagation of light ray traveling in an 
inhomogeneous universe 

•  The metric describes the space-time: Newtonian gauge 

•  On sub-horizon scales and for a CDM dominated universe, Einstein 
equations relate the metric perturbations to the matter sector:  

•  Note: a modification of gravity or generalized dark energy model predicts  

•  Even if δm>>1, the followings hold over all relevant scales  

€ 

ds2 = −(1+ 2Ψ)dt2 + a2(1− 2Φ) dχ 2 + χ 2dΩ2[ ]

€ 

∇2Φ = 4πGa2ρ mδm

∇2(Ψ−Φ) = 0⇒Ψ =Φ

← Cosmological Poisson eq.


← due to negligible anisotropic stress


€ 

Ψ ≠Φ
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Φ ~ l
LH
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δm <<1,   ∂Φ
∂t

~ Φv <<Φ



•  Photon is a test particle, while the gravitational 
field is due to the matter distribution 

•  GR: Eq. of motion of light-ray = geodesic 
equation  

•  Solve the geodesic equation to find the path 
connecting observer and source ⇒ lens 
equation 

•  In the presence of hierarchical large-scale 
structures, generally multiple-lensing 

€ 

dpµ

dλ
+ Γαβ

µ pα pβ = 0,    

where Γ = Γ + δΓ(Ψ,Φ)

 path of light ray


 background path (no lensing)


•  EoM of a test particle 
in the external field 

•  Solve the EoM to find 
the path 

Classical mechanics
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dp
dt

=
d2x
dt 2
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 
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 

 
 = F(x,t)

€ 

x = x(t)

Lensing basics




•  Use the polar coordinate taking the observer’s 
position as the origin 

•  Assuming                           as in a CDM 
model, the geodesic eq. becomes  

•  To the first order  

•  Integrating over multiple lenses and dividing 
by χ_s yield the mapping  

Lensing basics
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χsβ

€ 

χsθ

€ 

χθ

Lensing plane  
(distance: χ)


Source plane  
(χ_s)


€ 

Φ <<1, ˙ Φ <<Φ

€ 

p||
dp⊥

i

dχ
+ Γαβ

i pα pβ = 0

€ 

   d
2

dχ 2 χθ i( ) = −2∇iΦ x(χ)( )  

or  dα i (χ) = −2∇iΦdχ

€ 

α

  

€ 

β i = θi − 2 dχ
0
χ s∫ χs − χ

χs
∇iΦ

 x (χ)( )



•  Lens mapping equation on the small 
angle approximation 

•  The deflection angle 

•  Thin lens approximation (a single 
lensing object): a size of lens << 
distances 

•  More generally (modified gravity and 
dark energy):


Lensing basics


Lens mapping on the sky 

  

€ 

 
β =
 
θ −
 
α (
 
θ )

  

€ 

 
α (
 
θ ) ≡ 2 dχ

0
χ s∫ χs − χ

χs
∇Φ
 x (χ)( )

  

€ 

 
α (
 
θ ) ≈ 2 dls

dsdl
∇θ dzΦ∫

€ 

dls,ds,dl :  angular diameter distances
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 
α (
 
θ ) ≡ dχ

0
χ s∫ χs − χ

χs
∇(Φ+ Ψ)



Lewis & Challinor 06
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•    
   ⇒distant galaxies are deflected by a few arcmins 
•  Coherent over  a degree scales 

€ 

α ~ 10−6( )
1/2

~ 10−3(radian) ~ a few arcminutes

 a few degrees


 α~ a few arcmin


Lensing basics




•  Consider a source with finite size (e.g. galaxy) and then compare the 
two light rays 

•  Comparing the two yields the deformation matrix: 

•  The Jacobian matrix is decomposed as 


Lensing basics
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Aij =
1−κ − γ1 γ2

γ2 1−κ + γ1
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€ 

δβi = Aijδθ j ⇒δθi = (A−1)ijδβ j

  

€ 

βi = θi −αi (
 
θ )

βi + δβi = θi + δθi −αi (
 
θ + δ

 
θ )

 
 
 

← for source/image centers


← δβ and δθ are the displacement vectors 
moving within the image/source 


 κ: convergence, γ: shear 


Intrinsic 
shape


Observed 
image


ba
ba

+

−
=





=

=

γ

ϕγγ

ϕγγ

2sin||
2cos||

2

1






•  The lensing Jacobian matrix can be expressed in terms of the 
metric perturbation (gravitational potential) 

•  Convergence and shear are given as 

Lensing basics


  

€ 

Aij = δij
K −

∂2φGL
∂θi∂θ j

≡ δij
K − 2 dχ

0
χ s∫ χs − χ

χs
χ∇i∇ jΦ

 x (χ)( )

The integral should be along the perturbed path. However, since the deflection angle 
is anyway small, the statistical quantities such as lensing power spectra can be 
computed along the background path (Born approximation) to good approximation 


  

€ 

κ =
φ,11 + φ,22

2
=
Δ(2)φ

2
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 
 = dχ

0
χ s∫ χs − χ

χs
χΔ(2)Φ

 x (χ)( )

  ≈ 3
2

H0
2Ωm0 dχ

0
χ s∫ χs − χ

χs
χa−1δ[x(χ)] ←projected mass density


Lensing efficiency function


€ 

γ1 =
φ,11 −φ,22

2
,    γ2 = φ,12



Lensing basics


 source redshift: z_=1


Due to its geometrical nature, lensing is most efficient for 
structure at medium redshift between the observer and the source
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•  Since κ and γ come from a single scalar potential, they can 
be related to each other  

•  Fourier space 

•  Real space 
–  2D Poisson equation can be solved as 

–  Shear can be expressed in terms of κ as 

Lensing basics


  

€ 

Δ(2)φ(
 
θ ) = 2κ(

 
θ )

Δ(2)
1
2π
ln |
 
θ −
 
θ ' |= δD

2 (
 
θ −
 
θ ' )

 
 
 
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€ 

˜ γ 1(
 
l ) =

l1
2 − l2

2

l2 ˜ κ (
 
l ),     ˜ γ 2(

 
l ) = 2 l1l2

l2 ˜ κ (
 
l )

             ˜ κ (
 
l ) =

l1
2 − l2

2

l2 ˜ γ 1(
 
l ) + 2 l1l2

l2  ˜ γ 2(
 
l )

  

€ 

φ(
 
θ ) =

1
π

d2
 
θ '∫ κ(
 
θ ' ) ln |

 
θ −
 
θ ' |
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γ1(
 
θ ) =

φ,11 −φ,22
2

γ2(
 
θ ) = φ,12
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γ1(
 
θ ) =

1
π

d2
 
θ '∫ κ(
 
θ ' ) (θ1 −θ1')

2 − (θ2 −θ2 ')
2

|
 
θ −
 
θ ' |4

γ2(
 
θ ) =

1
π

d2
 
θ '∫ κ(
 
θ ' ) 2(θ1 −θ1')(θ2 −θ2')

|
 
θ −
 
θ ' |4
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 
 
 

Shear is non-local; even if κ=0 
at some position, generally γ≠0.




•  Tangential shear 
around κ peaks  

•  Filamentary structures 
washed out by 
projection 

•  The shear amplitudes 
–   γ~0.1-0.01 around 

clusters 
–   cosmic shear: γ~0.01 


Lensing basics


3x3 degree field (Hamana 02) 

 color: κ 
 sticks: γ


30Mpc @ z~0.2 



•  The shearing of images is a spin-2 field 
•  Shear has two degrees of freedom (amplitude and its position angle) 

•  Rotating the coordinate system by φ changes: the shear depends on the 
coordinate system 

•  Under a rotation by π the field is left unchanged 
•  A rotation by π/4 changes γ1 to γ2 and γ2 to -γ1  

γ1>0, γ2=0 γ1<0, γ2=0 γ2>0, γ1=0 γ2<0, γ1=0 
1 

2 

Lensing basics


€ 

γ1 + iγ2 → γ1 + iγ2( )e−2iϕ



•  Lensing induces a “coherent” pattern 
on the shearing effects on background 
source images 

•  For a circularly symmetric lens: 
–  If the lens center is taken as the 

coordinate origin, along the circle of a 
given radius θ, the shear field simply 
becomes 

•  This “coherence” of lensing shear is 
the key to discriminating the signal 
form other contaminating effects (e.g. 
intrinsic ellipticities) 

Lensing basics


 lens center 


θ
φ


€ 

γ1∝−cos2ϕ
γ2 ∝−sin2ϕ



•  Sometimes useful to use the polar coordinate 
system than the Cartesian system 

•  The deformation matrix is rewritten as 

•  Convergence and shear are given as


Lensing basics
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κ =
Δ(2)φ
2

=
1
2
∂2φ

∂θ2
+
1
θ
∂φ
∂θ

−
1
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∂2φ

∂ϕ2
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γ+(θ,ϕ) =
1
2
∂2φ

∂θ2
−
1
θ
∂φ
∂θ

−
1
θ2

∂2φ

∂ϕ2
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∂θ

1
θ
∂φ
∂ϕ
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 
 

€ 

γ+
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γ×



Lensing basics


θ

φ


O


€ 

γ+

€ 

γ×
€ 

γ+ (θ) ≡ 1
2π

dϕ∫  γ+(θ,ϕ)

          =
1
2
∂2 φ

∂θ2 −
1
θ

∂ φ

∂θ

 

 
 
 

 

 
 
 

•  Can obtain useful formula to relate the shear to the 
projected mass (in the weak lensing limit)


Hold for any mass distribution 
€ 

γ+ (θ) = κ (θ) −κ (< θ)

€ 

κ (< θ) ≡ 1
πθ2

dθ'
0
θ∫ dϕκ(θ',ϕ)∫The averaged κ 

inside the circle


€ 

γ× (θ) = 0 ← a monitor of systematics 

•  The polar coordinate picks up a specific pattern of the 
shear wrt the coordinate origin (e.g. cluster center) 

•  The tangential shear defined by azimuthally averaging 
shear along the circle (or the annulus) of a given 
radius 



•  Shear is non-local: even if 〈κ〉=0 at a large radius, the 
shear strength at the radius is the same for the two mass 
distributions above 

•  In other words, measuring the shear at a sufficiently 
large radius around the lensing mass concentration (e.g. 
a cluster region) allows one to infer the interior 2D mass 


Lensing basics


€ 

γ+ (θ) = κ (θ) −κ (< θ)

€ 

where  κ (< θ) ≡ 1
πθ2 dθ'

0
θ∫ dϕκ(θ',ϕ)∫

θ
 θ


 extended lens
   point mass

M
 M


€ 

γ+ (θ) ≈ −κ (< θ)⇒ M2D (< θ)∝πθ
2 γ+ (θ)

 a model-independent method to infer the total mass (including DM)




E/B modes of spin-2 field 

Lensing basics


E mode B mode 
 distinct different pattern




•  Can use the measured shear pattern to reconstruct the mass 
distribution (note the projected mass btw the observer and 
the source)   

•  To obtain κ at the position θ, sum up the tangential shear 
wrt the center θ over the entire space 

Lensing basics
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　γ×
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 
θ 
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 
θ '
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 
θ '−
 
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€ 

κ(
 
θ )
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 
γ (
 
θ ')

  

€ 

κ(
 
θ ) =

1
π

d
ℜ2∫

2  
θ ' −γ+(

 
θ ')

|
 
θ '−
 
θ |2

E-mode


B-mode (a monitor of systematics)


  

€ 

κB (
 
θ ) =

1
π

d
ℜ2∫

2  
θ ' γ×(

 
θ ')

|
 
θ '−
 
θ |2

≈ 0

•  Note the mass-sheet degeneracy 
•  E/B power spectrum reconstruction for a finite survey area (Bunn et al. 

03; Hikage, MT, Spergel in prep.)


Kaiser & Squires 93 



Merging Clusters:  
Bullet Cluster (1E 0657-56)


Strong evidence for the existence of collisionless DM


Clowe et al 06 



•  Since we don’t know a priori the intrinsic position of 
galaxies or their intrinsic shapes, the deflection angle nor 
the convergence cannot be measured (except for CMB 
lensing)  

•  As described so far, shear causes a coherent pattern on 
source galaxy images 

•  If the intrinsic ellipticities have random orientations, the 
coherent shear signal is measurable in a statistical sense




•  In reality source galaxy has intrinsic shape: |ε|~0.3 

iii εγγ +≈obs

•  Step 1: Quantify the shape of 
each galaxy in terms of its 
surface brightness profile 

•  Step 2: If the intrinsic shapes 
have random orientations 

　　⇒ The average over gals 

Kaiser, Squires & Broadhurst 95 
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i
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ε
γγ ±≈obs

γ 

€ 

⇒ S /N ∝γ(M)ng
1/ 2

•  To make an accurate measurement of the lensing 
shearing effect, we need 
–  High-quality image to measure galaxy shapes 
–  Higher number density of distant galaxies  (i.e., deep imaging 

data) to reduce the intrinsic ellip. contam. 



Credit: Sarah Bridle 
Need to discriminate the shear signal from the intrinsic shape, 
PSF anisotropy, …. 




Subaru data (one quarter sq. degrees): Umetsu & Broadhurst 07


The correction of PSF anisotropy is very important for an accurate 
shear measurement.  A few % rms reduced to ~0.1%




•  Various groups have developed their own methods of lensing 
shape measurement 
–  Kaiser, Squires & Broadhurst 95 
–  Kuijken 99 
–  Bernstein & Jarvis 02; Nakajima & Bernstein 04  
–  ….. 

•  There are efforts being made to test the methods using 
simulated images in order to assess the accuracy performance 

•  This is very important to refine/improve the methods, in 
preparation for future massive lensing surveys 

•  For the details, see 
–  STEP (Shear TEsting Programme): Heymans et al. 06; Massey et al. 07 
–  GREAT08: Bridle et al. 09 
–  Next is GREAT10?  


We are also working on 
this method




•  Weak lensing is measurable only in a statistical sense 
•  Need to use as many galaxies in the analysis as possible 
•  Imaging surveys are most relevant, therefore redshift information is 

usually limited (only photo-z available in best cases) 
•  The conventional way is that the source redshift distribution is 

statistically taken into account, if the source redshift distribution 
p(z_s) is estimated 

€ 

κ = dzs p(zs)
0

∞
∫ dz

0

zs∫ WGL (z,zs)δ[x(z)]      where WGL ∝
1

H(z)
(χs − χ)
χs

χ(1+ z)
 

 
 

 

 
 

  = dz
0

∞
∫ dzsz

∞
∫ p(zs)WGL (z,zs) 
  

 
  
δ[x(z)]

  = dz
0

∞
∫ ˜ W GL (z)δ[x(z)]  



•  Ongoing survey 
–  CFHT Legacy Survey: Ωs~200 deg^2, n_g~20 arcmin^-2 

•  Stage-III surveys (5-year time scale) 
–  KIDS (2010?-): Ωs~1500 deg^2, n_g~10 arcmin^-2 
–  Pan-STARRS (2010?-): Ωs~30000 deg^2, n_g~4 arcmin^-2 
–  DES (2011-): Ωs~5000 deg^2, n_g~10 arcmin^-2 
–  Subaru (2011-): Ωs~2000 deg^2, n_g~30 arcmin^-2 

•  Stage-IV surveys (10-year time scale): ultimate surveys 
–  LSST (2016?-): Ωs~20000 deg^2, n_g~50 arcmin^-2 
–  SNAP/JEDM (20??-): Ωs~4000 deg^2, n_g~100 arcmin^-2, +NIR 
–  EUCLID (20??-): Ωs~20000 deg^2, n_g~100 arcmin^-2, +NIR  

   




•  Lensing arises from sum of gravitational potential and curvature 
perturbations; can be used to test gravity theory 

•  Lensing is a powerful probe of total matter distribution; especially 
invisible matter (dark matter) 

•  Lensing causes shearing effects on distant galaxy images, causing a 
coherent pattern in galaxy images 

•  Shear is a spin-2 field and measurable in a statistical sense 
–  Shear can be unbiasedly estimated if the intrinsic ellipticities are uncorrelated 

between source galaxies 

•  In the weak lensing limit, the lensing fields are described by a single 
scalar field, the gravitational potential (E-mode) 
–  B-mode can be used as a monitor of systematic effects 

•  The accurate measurement of lensing shear requires: accurate shape 
measurement of galaxy images, and  a wide-field, deep imaging survey 
as being carried out and planned 


